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1. Electromagnetism I

This chapter aims to build on the concepts introduced in the first year CP2 Electromag-
netism course, covering:

e Electric Fields in Matter

Magnetic Fields in Matter

Potentials

Electromagnetic Waves in a Vacuum

Electromagnetic Waves in Linear Media

Electromagnetic Waves in Conductors
e Dispersion and Plasmas

After working through this chapter, students will be equipped to tackle a large variety
of Electromagnetically related problems, and in a much more intuitive and succinct way
in comparison to the CP2 course. It will be assumed that students are competent with
the use of vector calculus, and in the manipulation of partial differential equations, as
well as being able to recall Maxwell’s equations as covered in the CP2 course. This is a
significantly longer chapter than others previously included in these sets of notes, so it is
recommended that readers look over it in sections, rather than attempting the entire thing
in one go.
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1.1 Electric Fields in Matter

Thus far in Electromagnetism, we have just considered systems of fixed charges, and cal-
culated the potential assuming that this charge distribution was time-invariant. We will
now look at what happens when materials are effected by external electric fields, in the
particular case of dielectrics; materials where the electrons are bound to their atoms.

Consider the following simple model of a neutral atom; the nucleus can be modelled as a
single point charge ¢, while the electron cloud is a uniformly charged sphere of radius a
with total charge —¢g. The application of an external electric field will cause a separation
of these two components, as shown below.

E 0
_  »
+ ) ®
—
— d

L

Figure 1.1: The original atom (left) and one with an external field applied (right)

The nucleus of the atom reaches equilibrium a distance d from it’s original position when
E = E,, where E is the field due to the electrons at the position of the nucleus. Using
Gauss’ law,

qd

E=_1%_
dmega’

= FEy in equilibrium

This means that we can write the dipole moment p = gd as being proportional to the
applied field

p=oaky

where o = 4mega® is known as the atomic polarisability. Evidently, this means that the
stronger the external field applied, the stronger the induced dipole field that is created as
a result.

1.1.1 Dipoles

Before continuing with the results of this section, it might be worth recapping some of
the important results that we know about electric dipoles. We know that for some dipole
moment p that the potential is given by

1 p-r

V — =
dmeq 13

With careful manipulation (most easily done using index notation, and remembering that
0;rj = 0;5), it can be shown that the coordinate-free form of the electric field is given by

1 1

E=— —
= Admey 73

(B(p-0)T —p) (1.1)
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Suppose that we have a dipole consisting of the positive charge at r;, and the negative
charge at r, such that d = |r; — ry| is small. Let the external electric field have value
E+dE at r; and E at ry. The force on the system is given by

F=F +F,
=q(E+dE) —qE
= qdE
=qV(d- E)

Noting that p = qd, we arrive at the result that

F=V(p-E) (1.2)

This gives us the energy of the ensemble for 'free’, as we know that £' = —VU. Considering
the torque on the system:

I'=r X Fi+1ryx Fy
=q((r; — 1) Xx E+ 1y X dE)
= QXE + rxF

torque around dipole axis  torque around centre of coordinates

Two perfect dipoles P, and p, are placed with their centres a distance d apart along the
T-aris. p, s orientated with it’s dipole moment along T, while Py 18 ortentated with it’s
dipole moment along ij. Determine the field each dipole experiences, and the torque on each
dipole evaluated around its own centre. Why are these torques not equal and opposite?

The easiest way to answer this question is to use the form of the electric field given by
(1.1). We find that in each case, the electric fields are given by

L 2p
= —Z
=T 4ney 13 T
I p2 .
Ey=—=
=2 dmeg 13 Y
Evaluating the torques using these fields:
L pip2
L,=p xE,= —=
1T R S dmeg d3 =
L pip2
Ly=p, xE;,=— —=
2Tk 2meg  d3 =

These are evidently not equal and opposite as these are the torques of the dipoles around
their own centre, and not their total torque. If we took into account the rotation around
the centre of the coordinate system, then we would find that the torques do indeed balance.

1.1.2 Polarisation

Returning to the scenario above, suppose that we now have n small dipole moments per
unit volume. If we are considering a sufficiently small volume of material, we can consider
the electric field to be roughly uniform within it. This means that we can define the
polarisation as the number of dipole moments per unit volume:

P=np= Zniqigli (1.3)
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This leads to three important changes within the material in question.

e Polarisation Volume Charge - Consider a uniform cylinder of oriented surface area
element d¥. If the cylinder is of length d;, then the total charge that crosses dX is
given by > . n;q;d; - dX = P-dX. The total charge that leaves the volume is given by
the integral of this over the surface, which means that the divergence theorem can
be used to show that

pp=-V-P (1.4)

e Polarisation Surface Charge - If we now consider the whole surface bounding the
entire dielectric, the charge that attempts to pass through the boundary can be
considered as bound surface charge, given by

op=P @ (1.5)

e Polarisation Current - Each of the charges moves a distance d; as a result of the
external electric field at some characteristic velocity v,;. This means that we can write
J = Zl n;q;v; by the definition of current density. This means that the polarisation
current is clearly

_op

== 1.
1= (16)

Note that in all of these cases, the electrons are bound to their atoms; they cannot move
more than a certain distance away from their equilibrium positions. This means that the
polarisation current is a macroscopic effect created from the average of all the microscopic
changes in the positions of the polarisation charges. The current is thus localised to the
dielectric, and cannot be conducted into other substances. This is why many of these
quantities are often referred to as bound quantities.

1.1.3 The Electric Displacement Vector

Let us now consider Gauss’ Law in vector form. We now have another charge type to take
account of; the polarisation charges p,, as well as the free charges py.

v.g_ b _ptes
€0 €0

Considering (1.4), we can write that
V(0B +P)=p; —V-D=p;
We call the quantity D the electric displacement vector defined as
D=¢E+P (1.7)

When dealing with fields associated with dielectrics, one should generally compute D first,
as this allows us to get the other quantities from it with appropriate manipulation.

The electric field inside a dielectric is E, and the polarisation is P, such that D, =
eoEg+ P. A cavity is hollowed out of the material, the size of which is not large enough to
change the polarisation. Calculate the displacement vector D for the cases where the cav-
ity 1is needle shaped, and where it is a thin circular wafer perpendicular to the polarisation.
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In order to answer either of these cases, we need to superimpose a cavity that has polar-
isation —P in order for there to be no net polarisation within the cavity. We can model
the first case as two small spheres of uniform charge separated by a distance d.

op=P-n=0

for the length of the needle. For the ends

op =P
q=0,A
= PA

The field at the centre of the needle is that due to the point charges at either end.
1 (PA) 1 (—=PA)

E= - P

=7 dreo (3d)2 T dmeo (Zd)? ©
2 PA_
=— —7
mTeg d T

Letting A become vanishingly small, we find that £ — 0. This means that we can assume
that the electric field inside the cavity is not modified, and so we find that D = D, — P

The electric field inside the wafer can be modelled via that of a parallel plate capacitor
with a charge density +o0,. We know that 0, = P -1 = P.

This means that the total electric field is £ = Ey+ E,. = Ey+ 1/eo P, and so D = D,

Linear Materials

Dielectric materials are called linear, homogeneous, and isotropic assuming that their po-
larisation varies linearly with the electric field; that is,

P =eyxeE

The constant of proportionality Y. is known as the electric susceptibility of the material,
and is a measure of how the polarisation responds to the applied field. Substitute this
result into the definition of D:

D =€l + eoxe
- 60(1 + Xe) E
—_——

permittivity, e

We define the coefficient of E above as the permittivity of the substance, and the relative
permittivity as simply the ratio €, = ¢/eg = 1 + x. In a vacuum, ¢, = 1, as there is no
polarisation. D can hence be written as

D=¢E (1.8)

This means that in many cases, computation with D becomes identical to those readers
will be used to with E, up to a constant.
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For linear materials, it can be shown that the internal energy density is given by

E-D (1.9)

N | —

ugp =

Always remember when calculating the energy of systems to take account of the energy
required to build up the system. For example, if calculating the energy of a charged sphere,
one needs to calculate the energy for both r < R and r > R.

Two long concentric, conducting cylinders of radii a and b, where a < b, are separated by
a dielectric of permittivity €1. Find the capacitance per unit length of this system. The
dielectric is now removed and the cylinders are placed vertically with one end in the surface
of a non-conducting oil of permittivity €1 and mass density p. Taking into account the
work done in maintaining a constant voltage on the capacitor, find an expression for z, the
height above the surface, that the oil rises in the space between the cylinders.

Throughout this question, we will use a dash to prefer to per-unit-length quantities. Using
Gauss’s law for dielectrics with a cylindrical Gaussian surface:

Q : d; = Qenclosed

oV
D2rrl) = Q' ¢
Q/
- 2mre; e

We have assumed that the dielectric is linear. Finding the potential:

Vz—/Ewﬁ

()
= log | —
2meq a

C Q@  2me

VT ~log (%)

This is the capacitance per-unit-length of the system. Suppose that the entire capacitor
has length ¢ when it is immersed in the oil. Then, the total capacitance is given by

27 2
C=—7qveoll—2)+—F7veaz
log (¢) log (7)
fraction out of oil fraction in oil
2meg
= 5 L+ z(e, — 1))
log (3)

Now we have to turn to the result that we saw last year when dealing with moving capacitor
plates around, namely that

’dW = dWCapacitor - dWBattery

(1.10)

For a battery, we know that W =V Q.
1
dW =d <20V02) —d(CVE)

1
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as the battery imposes a constant voltage on the system by definition. This means that

the reaction force due to the dielectric being "pulled out" of the system by gravity is given
by

aw  1_,dC
Fj=-——=-V2"2
oil dz QVO dz
The system is in equilibrium when Foj = Fyravity-
1. ,dC
20 g =M
1 d 2meg
il 7/ 0+ z(e, — 1 =7(b® —a®)pz
9 0 dz (10g (g) ( ( ))) ( )p g
V(e — 1
5= o (€ )

(b% — a®)pglog ()

This result behaves sensibly for some easy limits, such as ¢, = 1 and b — a™.
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1.2 Magnetic Fields in Matter

We are now going to look at what happens when materials are affected by external magnetic
fields. We will adopt the simple Bohr model of the atom, where electrons orbit the nucleus
at some fixed radius r;, and at some fixed speed v;. Each electron will complete v;/27r;
orbits per second, and so the current is given by

ev;
I =

27T’I“i

Then, the magnetic moment for each electron is given by

ev;Tr;
2

mi = mril =

The orbital angular momentum of the electron is given by L, = m.r; X v;, which simplifies
to L; = mer;v; in the case of a circular orbit. This means that we can write the magnetic
moment for each electron as

(&

m,;, = — .
- 2me "

This means that the magnetic moment of the atom is given by
e
- 2m, - =

In general, the orbital angular momenta of all the electrons in an atom will be randomly
orientated, such that >, L; = 0. However, when an external magnetic field is applied, these
angular momenta align in a particular direction, that creates a net magnetic moment. In
this case, there are two types of materials:

e Diamagnetic - These acquire a magnetic moment anti-parallel to the field. This
means that the magnetic susceptibility xn, is negative. We will introduce this more
formally in coming sections.

e Paramagnetic - These acquire a magnetic moment parallel to the field. This means
that x,, is positive

Note that neither of these have a permanent magnetic moment; it is merely induced as a
result of the external field. There are some permanently magnetic materials, which we will
cover in Section (1.2.4).

1.2.1 Magnetic Dipoles

In a similar vein to with electric dipoles, let us recap some of the important results of
magnetic dipoles. Suppose that we have some closed loop bounding an orientated surface
2 that carries a current I. Then, we define the magnetic dipole moment as

m=1%

Then, using the results of Section (1.4.2), it can be shown that the magnetic vector potential
of a magnetic dipole is

Ho M X1
= A4r 3

(1.11)

which is quite similar in form to that of the electric monopole; as is usual with magnetic
fields, we replace the scalar product by a vector product.

10
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Let us now assume we place the dipole in an external, uniform magnetic field B. Then,
the force on the dipole is given by

F=V(m-B)
Furthermore, the torque is given by
F=mxDB
The torque will act in a sense such that it reduces its own magnitude, meaning that it
attempts to align the normal of m with the magnetic field.
1.2.2 Magnetisation

Now, suppose that we have n atoms that have a magnetic moment m per unit volume.
Then, the magnetisation of the system is given by

M= n/dm (1.12)

The integral form of this expression has been included to remind the reader that calculat-
ing the magnetic dipole moment may involve integration.

Calculate the magnetisation of a spinning spherical shell of radius R that has charge den-
sity o.

In this case, we need to integrate over all of the horizontal surface area loops of the sphere
that have radius Rsin#f. Thus,

dI = woRsin §(RdP)
A = n(Rsinf)?
dm = rwoR*sin® 0 d0 2
4

m= -nmowR*Z
m=3 z
This means that the magnetisation of the spherical shell is given by
M =0wR?Z
In a similar way to polarisation, magnetisation can create currents within the material.

e Surface Currents - Consider a slice of the material of width dz though which M is
constant. The resultant magnetisation of this section is the same as if the entire
surface where paved with small current loops. When counsidering the direction of
the currents, the interior currents cancel each other out, so we are left with a single
current around the outer edge of the material. These are the surface currents due to
magnetisation, and are given by

K, =M x

(1.13)

I3)

e Volume Currents - If we now consider M to be a variable in the z direction, then
magnitude of the currents within each loop will vary with z, and so there will not be
perfect cancellation. Considering this, it can be shown that the magnetisation gives
rise to volume currents given by

I =V XM (1.14)

Note that in a similar way to polarisation, these currents are bound. Furthermore, these are
not dissipative, as they merely result from the orbital motion and/or spin of the electrons.

11
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1.2.3 The Auxiliary Magnetic Field

Consider Ampere’s law in vector form. We now have another type of current to take
account of; the magnetisation current J,, as well as the free current J -

V x B = pod = po(JLy, +Jy)
Considering (1.14), we can write that

Vx(B—M>:Jf—>V><H:Jf

We call the quantity H the auziliary magnetic field defined as

p=2 (1.15)
Ho

In a similar way to the electric displacement vector D, it is often useful to find H, and
then use it to deduce other quantities.
Linear Materials

Magnetic materials are called linear, homogeneous, and isotropic assuming that their mag-
netisation varies linearly with the applied magnetic; that is,

M:Xmﬂ

The constant of proportionality x,, is known as the magnetic susceptibility of the material,
and is a measure of how the magnetisation responds to the applied field. Substitute this
result into the definition of H:

H==—xnH
Ho

B = puo(1+xm) H
~——

permeability, p

We define the coefficient of H above as the permeability of the substance, and the relative
permeability as simply the ratio p, = /o =1+ Xm. In a vacuum, p, = 1, as there is no
magnetisation. B can hence be written as

19

This means that in many cases, computation with H becomes identical to those readers
will be used to with B, up to a constant.

Consider a toroidal solenoid of N turns of wire through which a current I passes, of mean
radius R. There is a small air gap of width w in the solenoid, such that w < R. Calculate
the magnetic flux density By in the gap. Compare the magnitude of the magnetic energy
stored in the core, and in the air gap.

The best starting point in answering this question is Ampere’s law for magnetic materials
in integral form:

%H-dﬁsz:IN

Heore(2TR — w) + Hgap(w) = IN

12
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We know that the magnetic field (but not necessarily the auxiliary field) must be continuous
in the core. This means that B. = B,. Using (1.15),

B

B
(2rR —w)+ —w=1IN
w

-9
0
By(2mR+ (pr — 1)w) = INp
IN
B, = K
27R + w(py — 1)

Evidently, this is a sensible expression; we re-obtain the result for the non-magnetisable
solenoid for p, = 1. For this, we have to use the fact that the magnetic energy density is
given by

1
ugp=-B-H

;B H (1.17)

Suppose that the cross-section of the core is A. Then we obtain

1
Wy = — B2wA

240

1
W, = %BQ(%R —w)A
Wy, w
W, " orR—w

Interestingly, we find that for sensible values of mu, « 1500, R and w, we find that a large
proportion of the magnetic energy is actually stored in the air-gap, rather than in the core
of the solenoid. This is one of the reasons why solenoids sometimes have an air-gap in
them.

1.2.4 Ferromagnetism

Ferromagnetic materials are non-linear magnetic materials that have a permanent mag-
netisation. This is due to domains in the material (regions where the local magnetic
moments are all in the same direction) that become aligned under the application of exter-
nal magnetic field. This alignment takes energy, and leaves the system in an energetically
favourable state where many of the adjacent domains are aligned, resulting in a residual
magnetisation. That is, ferromagnetic materials have non-zero magnetisation in the ab-
sence of an external magnetic field. The material will become magnetically saturated when
all the domains within the material are aligned. This leads to the concept of a hysteresis
curve. This plots the magnetic field B that results from the application of an external field
H to the ferromagnetic material. This has a few key features:

e Magnetisation Curve (1) - This shows the response of the material under the applied
field when it is initially un-magnetised

e Magnetisation Energy - The shaded area gives the energy required to fully magnetise
the material

e Saturation field Bgyt - The strength of the magnetic field in the material at saturation;
i.e when all the domains are aligned

e Remnant Field B, - The (permanent) field that remains when the external field has
been reduced to zero

e Coercive Force (2) - This refers to the strength of the external field that is required
to demagnetise the material

13
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BHHT

@/ |

Figure 1.2: A typical hysteresis curve

It can be shown that the work per unit volume moving along the hysteresis curve is given
by

W:j{H-dB (1.18)

That is, the area enclosed by the curve. Evidently, this can often not be computed ex-
actly, but can easily be approximated through rough estimation of the area in terms of a
rectangle, for example.

Generally, materials that have a narrow hysteresis curve are called soft, while those with
a wide curve are called hard; it takes less energy to go around a soft curve, than a hard
one. This is why soft iron is advantageous when it is used as a core in transformers,
for example. Iron has a very narrow hysteresis curve, meaning that the energy loss is
minimised on application of an external magnetic flux. However, when this is used with
alternating currents, there is a frequency limit to how quickly the domains can re-align
with one another, limiting the effectiveness of the core.

14
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1.3 Boundary Conditions

Now that we have outlined the way in which electric and magnetic fields are modified in
different types of materials, we now turn to looking at the boundary conditions on these
fields between two different materials. These results are derived in full generality, taking
into account time varying fields. Note that these are summarised at the start of Section
(1.4).

1.3.1 Perpendicular Fields

Consider the surface below bounding two media characterised by €1, u1 and e, uo, and the
Gaussian surface of side length . Let n;, be the normal pointing from medium 1 into
medium 2.

a2, €2

>

I
'_
|
—
—
[43]
Q

2 2 H1.€1

D B

Figure 1.3: Deriving perpendicular field conditions

Consider V- D = py. For e — 0
(QQL - Qf) d¥ = py iy,
= Dy = Dy =0y iy

Thus, the perpendicular D field is discontinuous at the boundary according to the surface
charge density on that boundary. This makes sense, as this would chance the polarisation
of the field.

Similarly, consider V - B = 0. Again letting e — 0
(ﬁzl - ﬁf) ds =0
— By —Bi =0

This means that the perpendicular component of the magnetic field is always continuous
at media boundaries.

1.3.2 Parallel Fields

Consider the surface below bounding two media characterised by e, 1 and €9, po, and
the Amperian Loop of side length €. Let ;5 be the normal pointing from medium 1 into
medium 2.

15
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Mo, €2

B H) b, €l

¥ L

el H

Figure 1.4: Deriving parallel field conditions

Consider V x E = —%—E. We then have

t
(E2—E|1|>d£:—§t/53'dz

where dY is the surface bounded by the Amperian loop. For € — 0, this becomes negligible.
We are thus left with

— Ey—E| =0

This means that the parallel component of the electric field is always continuous at the
boundary between media.

Similarly, consider V x H = J, + %2. Then
I 2l 9
(e - m)) dt = Kpdt+ 5, | D-dz

Through the same logic as before, the time-varying part of this expression is negligible,
and so we arrive at

— H)— H| = K; x iy,

This means that the parallel component of the auxiliary field is discontinuous according
to the free surface currents. This makes sense, as this would change the magnetisation.

16
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1.4 Potentials

In previous sections, we introduced the concepts of the D and H fields for describing
electric and magnetic fields in matter respectively. In this light, we can write Maxwell’s
equations in a new form:

VD= (1.19)
V-B=0 (1.20)
0B
VxE=-"20 (1.21)
oD

By imposing certain conditions on these equations, we can write our £, D, B and H fields
as scalar or vector potentials, that will allow us to easily solve boundary value problems,
as we shall see in the following sections.

It might also be useful to collate the results for the boundary conditions on these fields
from the previous section here, particularly seeing as these are used extensively in the
solution of potential problems. They are as follows:

Dy — D = of Mg (1.23)
By — B =0 (1.24)
E) — E{ =0 (1.25)

(1.26)

Hy— H| =K, x 7, 1.26

These are relatively easy to commit to memory, but can can always be recalled from their
derivations, as well as from Maxwell’s Equations. Note that they are valid for all time-
dependent scenarios.

1.4.1 Electric Potentials

The Electric field (£), as we saw in the First Year CP2 course, can be described by a scalar
potential. However, it must also be described using a vector potential under conditions.
These conditions will be outlined in the following sections.

Scalar Potential

As many readers will already know, we can write the Electric field E as the gradient of
a scalar potential V as £ = —VV. This is assuming that there are no time dependant
magnetic fields (B = 0) by (1.21). Assuming further that p; = 0, meaning that by
definition the polarisation P is uniform, F will satisfy Laplace’s equation

(127)

The solution to this equation in Cartesian, Spherical and Cylindrical coordinates is included
in the Mathematical Methods notes that accompany these, and so no further results will
be derived here. In general, the result that proves the most useful is the solution to this
equation in spherical coordinates, assuming that there is azimuthal symmetry (i.e that V
is independent of ¢), which is usually the case.

V(r,0) = Z (Aﬂf + 7“fo1> Py(cos8) (1.28)
=0

17
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Consider a cylindrical hole of radius a and infinite length cut into a dielectric medium
with relative electric permittivity €, (the interior can be treated as a vacuum). Inside the
hole there are two line charges of infinite length with line charge densities +A and — X,
respectively. These line charges are arranged parallel to the z-axis, but displaced from it by
an amount £d/2 along the x-azis (where d < a). Find the potential everywhere.

As is usual for these kind of questions, let us first consider a diagram of the situation.

ylk

v

Figure 1.5: Double Boundary Problem

Evidently, at large distances from the origin, the two line charges will appear as an electric
dipole. However, what does the field look like for » «~ d? To answer this, we need to
consider the potential of a line charge

A
V=- logr + Vg
2meg
for some reference potential Vj. This means that the potential of the entire ensemble is
given by
V=V, 4+ Vo
1 s 1 + s
=— o —-z|) —1o -
omeo g\ |z oL g1l |r oL

Taylor expanding for d < r:

d_. 1 d?
log ( rF 230) = §log <r2 F drcos ¢ + 4>
1 d cos
~ logr + - log <1 F COSQZ))
2 T
1d
~logr ¥ - cos¢
2
Putting these results together, we do find that
A dcos¢
21y T

That is, the potential is of the form of a dipole for d < r < a. Evidently, in order to
match the boundary conditions at 7 — 0 and r — 00, we require only the ¢ = 1 polynomial
terms in (1.28). This means that the solution must be of the form
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(Alr + %) cos ¢ forr <a

By
"2 cos ¢ forr > a

V(T, ¢) = {

We have automatically done away with the linear term in r for » > a as we require that
the solution is properly bounded for large values, as well as the constant and logarithmic
terms for similar reasons. Imposing boundary conditions:

e The potential needs to reduce to Vp for r — 0

A dcos¢
2meg T
B, — Ad
2meg

e Continuity of D+ across the boundary

oy  _ 9
or lr=a+ T@r r=a~—

Bl - a2A1 = 6,«B2

e Continuity of Ell across the boundary

v _ov
00 lr=a+ - 00
B +ad*A, = By

r=a—

Solving these equations, one quickly arrives at the solution of

A _dcos¢ 1—e, 2
o= (B () 0T] s
’ A dcosgp 2

2meg r 1+4€,

forr > a

Evidently, this holds for the boundary conditions, and we obtain sensible results if we let
€, = 1; this is the case for there being no boundary. A note to the wise; always do some
"sense-checks’ on results that you obtain when doing these sorts of questions; they are very
easy to do, and can often result in you finding an error, if it exists.

Vector Potential

In the cases where B # 0, we then have to include the vector magnetic potential A (see
the following section) in order to satisfy Maxwell’s equations. From (1.21)

0
VXE—*&(VXA)

DA\

This means that we write the electric field as in a combined potential as
E=-VV - —
- ot

This of course reduces to the familiar case in the absence of time-variant magnetic fields.
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1.4.2 Magnetic Potentials

The Magnetic field (H or B), is usually described by a vector potential. However, it
can also be described using a vector potential under conditions. These conditions will be
outlined in the following sections.

Scalar Potential

Considering (1.22), it is clear that in order to be able to define a scalar potential ¥ for the
magnetic field H, we require that if =D =0. Then

(1.29)

assuming that V - M = 0, which is always the case when there is a uniform polarisation.
We thus have three conditions that need to be satisfied in order to be able to write H in
the above form.

Consider a sphere of radius R made of a material with a permanent magnetisation M =
MoZz. The sphere is embedded in a vacuum, and is placed in a uniform magnetic field
By = Boz. There are no free currents. By first considering the continuity of the compo-
nents of H and the scalar potential W at the boundary, find the scalar potential everywhere.
What is the magnetic field inside the sphere?

One very useful result worth remembering is expressing 2z in polar coordinates as

chosﬁf—sineg (1.30)

This is because you will often be working with uniform fields in spherical coordinates, and
so it is imperative to be able to convert back and forth between them quickly.

Turning our attention to the problem, we need to apply the boundary conditions (1.24)
and (1.26). Clearly, ¥ is continuous as due to the second condition as there are no free
currents. The first condition implies that

By —Bf =0

Hy —Hy =M

HQL — Hf‘ = My cosf
using the fact that B = puoH + M. This means that there is a discontinuity in H at the

boundary. Evidently, the solutions to Laplace’s equation of W are going to be of the form
of (1.28), and so

W(r,0) = Yoo AirPy(cos ) forr <R
7 S0 (Aar + B2) Py(cos®)  forr > R

We have already done away with the B terms in the expansion as we require the solution
to be finite for r — 0.

B B
lim qz:—/dzHZ:—Oz:—Orcose (1.31)
r—00 ILLO ILLU

This means that we require the £ = 1 terms in the expansion in order to match the above
condition. Imposing the remaining boundary conditions, we obtain the equations

B
A1:A2+R7§
2B
A1+A2+R732:M()
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Solving these two equations, and finding As by (1.31), we arrive at the find solution of

%—%)rcos& forr <R
\Ij(r7 0) = ]\JORZS

_ B
3 e r) cos forr > R

This means that we can calculate the magnetic field inside the sphere.

By M,
ﬂin = -VV¥j, = % —?0
2

By,= By, + = oM
~— 3

external field magnetisation field

This would have been a horrible problem to solve if we had not written H as a scalar
potential.
Vector Potential

Evidently, as V - B = 0 in all cases, it is always well defined to write a vector potential
such that
B=VxA

We can calculate this vector potential from

A=t [g4!

= — 1.32
= Ar —r! ( )

Calculate the magnetic vector potential A at a point P a perpendicular distance v away
from the centre of a wire of length 2L that carries a steady current I. Verify that this
result agrees with that expected from Ampere’s law.

In this case, df is simply the line integral along the wire. Thus

A Hol L 2dz
= Am J_p !
pwl (v Zdz
= Un V22

_ ol | (mm)g

= O e —
ir ® VL2 +12 - L
Then, the magnetic field is given by
B=——
= 0z ¢

_ kol L 3
2 /2 + L2 —

Taking the limit as L — oo, we see that this clearly agrees with the Ampere’s Law result
that readers will be familiar with.

21



Toby Adkins A2

1.5 Electromagnetic Waves in a Vacuum

Before delving into new and exciting territory, it is customary to return to the mundane,
and review some material that should already be known for the sake of familiarity. In such
a vein, let us now examine electromagnetic waves in a vacuum ( *gasp* has Christmas come
early?).

1.5.1 Wayves in a Vacuum

Using the standard derivations set out in the CP2 notes (have a look at them if you are
still unsure), we obtain the wave equations
O*E 9*B
V2E = jpeo—> and V?B = pgeg—
L= Ho€o 12 L = fo€o 912

which have solutions of the form
E:EOei(wth-E) and B = Bei(wtfk.ﬁ)

respectively. Note that sometimes a tilde is used to denote complex quantities; this author
finds that this is generally a waste of time; instead, assume that everything has the potential
to be a complex quantity. Substituting these solutions into Maxwell’s equations, we obtain
the familiar relations of

ESNES
% 1=
Il

0
0

ik x B
w

|
I

The electric and magnetic fields of this wave are orthogonal to one another, as well as being
orthogonal to the direction of propagation, and so the wave is a plane monochromatic wave.
Substitution of the solutions into the wave equations yields the dispersion relation of:

w 1
k \/Ho€o

Electromagnetic waves thus travel at the speed of light in a vacuum; nothing particularly
surprising thus far.

'Up:

1.5.2 The Poynting Vector

Some readers may already be familiar with the Poynting Vector, as it was introduced in
the CP2 course, but a full treatment shall be detailed here. The Poynting Vector is defined

as
1

This is the flux per-unit-area, per-unit-time of the electromagnetic radiation. It is thus
very common to have to evaluate a flux-integral over some bounding surface. Up until
this point, dS has been used to refer to the surface area element; evidently, this will just
become confusing, so this will be changed to dX

For the case where there is a steady increase in the current of I, calculate the magnitude
and direction of the Poynting vector S at the outer radius of an infinite solenoid of radius
a. By performing appropriate integration, show that the energy stored in the electromag-
netic field and the total work done are equal.
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We shall use a dash to refer to per-unit-length quantities in this question. Assuming that
€ = iy = 1, we can write that

fra-4 o

E'(2ma) = —a— (noInma®)

1
E' = —Zponale

We will quote the result for the magnetic field around an infinite solenoid as

B = polnz
meaning that the Poynting vector is given by

1
S=—FExB
Ho
1 dal .

= —gHon afa T

Then the work done is given by

:/ S-dXdt
:—f,uon a/dS/dtI

1
=3 (non’a®m) I?

inductance per unit length, L’
1
= LI’
2

We note that this is opposite and equal to the energy required to raise the current in a
magnetically inductive system from 0 to some value I, as required.

1.5.3 Energy Conservation
Consider the work done by an electric field on a single charge moving at velocity v.
dW =F -dl=qL-dl=qE-vdt

Assuming that this single charge is part of a larger ensemble of n charges per unit volume
that are only weakly interacting, then we can write that

aw _
dt

:/dVJf.E
1%

Thus, we find that the work done on charges in some volume is equal to the Ohmic Heating
within that volume, as expected. Considering (1.22):

_Jf.E:_<v><H_aD> ‘B

dVnqu - E
1%

ot
oD 0B

=0 from Maxwell’s equations
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oD 0B
_E‘E_FE E—FE'VXE—E V x H
0 (1 1
at<2E'D+zB H) +V.  (ExH)

———
Poynting Vector, S
internal energy density, u

Making the labelled substitutions, we arrive at the energy conservation result of

V. S=d; B (1.34)

Thus, it is clear that the rate of change of energy within a volume is a opposite and equal
to the flux of energy through the surface bounding that volume plus the amount of work
dissipated on the charges within that volume.

1.5.4 Energy and Momentum Transport

For plane electromagnetic waves, we know that B?> = E?/c2. This means that we can write
the internal energy density as
1

u = 60E2 or u=—B>?
Ko

Then, the Poynting Vector can be written simply as S = uc E, where E is the direction
of propagation of the wave. The intensity of a wave is the average power transported per
unit area, and is given by

I=(S) (1.35)

Always be very careful when calculating time-averages; always convert any complex quan-
tities into their real parts before doing so, or else everything averages to zero (or has an
undefined average!).

Let us consider the radiation pressure of the waves. The energy communicated to some
surface area element in some time interval dt is SdXdt, meaning that the momentum
communicated is Sd¥dt/c. The force (momentum per unit time) is then Sd¥/c, meaning
that the pressure (force per unit area) communicated to the surface is

I
Prad = —
C

This corresponds to the component of the Lorentz force along the direction normal to the
surface at incidence. If the wave is reflected, then the radiation pressure is doubled (in a
similar way to calculating the pressure in Kinetic Theory). Note that the lower case p’ has
been used so as not to confuse it with power; the power of the wave is simply the intensity
multiplied by the area.

Note that for 'macroscopic’ quantities of Electromagnetic radiation, such as those associ-
ated with energy and momentum transport, it is usually fine to refer to quantities in terms
of their time average. This is because, in general, the frequency of the electromagnetic
radiation will be on the order of «~ 10%, and so the instantaneous value would vary so
quickly as to be almost meaningless to talk about!
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1.6 Electromagnetic Waves in Linear Media

We know that in perfectly linear media that py = Jy = 0. This means that Maxwell’s
equations reduce to the same as those in a vacuum, but with €, # 1 and p, # 1, and so we
obtain the same wave equations, except with the replacements ¢y — ¢ and pg — p. This
means that the dispersion relation is clearly
2 2 1
k* = pew® — vp = ——

Nz

With this knowledge in mind, we can define two important quantities.

e Refractive Index - Most readers will already be familiar with this concept, but not
necessarily aware of how it is defined. Suppose that we wanted to write the phase
velocity of a wave as some proportion of the speed of light. As we know that it has to
be less than ¢, it would make sense to write v, = ¢/n for n > 1. Using the definition
of ¢ and the dispersion relation for v, above, we find that

n=/lr€r (1.36)

This is evidently a well-defined quantity as both u, and €, are bounded > 1. Note
that this relation assumes that n is independent of the frequency of the wave being
considered; we will consider waves where this is not the case later.

e Impedance - Again, most readers may have seen this term in the context of circuit
theory, and not necessarily when applied to waves. For electromagnetic radiation, it
is defined as

Z = Epn (1.37)

H,p,
The subscript ’,;’ stands for 'phasor’, and simply refers to the complex amplitudes
of the components after the time-dependant components have been factored out. For
most waves, this reduces to the ratio of the magnitudes of the components. We find

that

)

Z= B (1.38)
€ n

The last of the above expressions follows from that fact that in most materials,
w  po. This is quite a useful expression, and well worth remembering for the
coming sections.

Generally, the treatment of electromagnetic waves in different sorts of media is very similar.
We first derive the wave equation, then assume plane-wave solutions, and substitute them
in. This will then give us some dispersion relation that will allow us to simply the form of
the wave.

1.6.1 Normal Incidence

Let us now turn to examining the reflection and transmission of electromagnetic waves at
the boundaries between media. Readers will find that this is very similar to the reflection
and transmission of one-dimensional waves at a boundary; this is simply an extension of
those kind of problems to three dimensions, and using slightly different boundary condi-
tioms.

The first case we will consider is that where the light is normally incident on the infinite
planes bounding the various regions. We shall use the convention that the bounding
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planes are planes of constant z, and hence that the variation in £ and H occurs in planes
of constant z in the case of normal incidence.

f1, €1 fz2. €2 H3. €3
El Ez £y
El": E‘] ngz EQ i-; ij
E, E,
= ) =/ -
El I Hy &2 ) E(_,

Figure 1.6: Double Boundary Problem

The above diagram shows the waves present in three consecutive regions, assuming that
that the waves were incident from z = —oo on the left-hand side. We will treat the single
boundary case, and then work up to this slightly more involved example.

Suppose that pg = us, €2 = €3, meaning that £, = E5 and ES = 0 (there is no boundary,
and so no reflected wave). We have thus reduced the problem to the single boundary at
z = —{, which we can then shift to z = 0 without loss of generality. At normal incidence,
all components of the F and H fields lie parallel to the bounding surfaces, and so we make
use of (1.25) and (1.26) to write that

E,+E{=F, and H,— Hj = Hy

The negative sign in front of the reflected H component is due to the fact that it changes
direction in order to maintain the orthogonality of the components of the wave. Then,
using the definition of Z

E, E E
Bi+E{=Ey, and — — 2L =2=
P 7. 7 Zs
These are two equations in to unknowns that we can solve for the reflection and transmis-

sion coefficients of

Ey  Zy—-73 By 272

B Zy+7Z Bl Zh+7Z
These can easily be written in terms of the refractive indicies of the media by making use
of (1.38) as required. Check the limiting cases of Zo — 0 and Zs — oo; do they make sense?

and (1.39)

We shall now turn our attention to the original problem of Figure (1.6). What is the con-
dition for no reflection at z = —£ for some value of £? Applying the boundary conditions
at z = 0 we obtain

Es + E}) = ;3 (1.40)
B B _ B (1.41)
Zy Zoy I3 '

26



Toby Adkins A2

Similarly, imposing the boundary conditions at z = —/ yields
Eleilﬂf + Eie—iklf — Eze’i/@f + Ebe—ikgf
By ke B —ive _ B2 kgt By ik
Zl Zl Z2 Z2

The usual value encountered in this sort of problem is £ = Ao /4 (quarter-wave plate), where
A2 is the wavelength of the wave in the second medium. If this is the case, then the second
set of equations become

Ere*t 4 Elem ™t — _i(Fy — EY) (1.42)
By ke BV ik i /
— - = =——(Fy+ F 1.43
el - e (B4 ) (1.43)
We can use (1.40) and (1.41) to eliminate Ep and EY from (1.42) and (1.43) to obtain

) , Z
Bt 4 Bt = —ipy =2
Z3
. , 7
Ejeft — Bl — —iEgZ—;

By inspection, we can only have E{ = 0 in the above two equations if

Zy =71 73 (1.44)

Thus, the impedance of this layer has to be equal to the geometric mean of the media on
either side of it. This also happens to be the ’zero reflection condition’ for similar problems
in different systems, such as transmission lines.

1.6.2 Parallel Polarisation

Thus far, we have just considered the simple case in which there were no components of the
FE and H fields perpendicular to the bounding planes. Let us now delve into that whimsical
world. We shall first consider the case where the light is polarised parallel to the plane
of incidence, as shown in the figure below. The concept of polarisation is covered fully in
Section (3.3), but for now it simply refers to the direction of the electric field component
of the wave.

For the boundary to be properly defined, we require that the boundary conditions hold at
every point within the z = 0 plane, and for all times. This means that the exponential
factors must be equal. As the boundary conditions are themselves essentially a set vector
equations, they must also hold component-wise. We can thus write that

k;sinf; = k, sin 0, = k; sin 0, (1.45)

From this, we can extract two familiar results.

o Law of Reflection - As k; = k, as the waves are travelling in the same medium, we
find that
0; =0, (1.46)

e Snell’s Law - Using the fact that k& o« n, we find that
n; sin §; = ny sin 6; (1.47)

It is quite satisfying that such seemingly 'fundamental’ results simply drop out from a
consideration of component-wise boundary conditions. In general, it is only worth remem-
bering how to show (1.45), as these two results follow trivially from it.
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Figure 1.7: Parallel polarised light at non-normal incidence

As before, we can impose the conditions (1.25) and (1.26) on the field components, but
taking about of the directions of said components. We then obtain

E;cosb; + E,cos8,. = E;cos b,
E; E, E
Zi  Zi Iy
As usual, we can simultaneously solve these equations to obtain the reflection coefficient
as

&H _ Zycosby — Zicosb;
E;,  Z,cosb, + Z;cosb;

(1.48)

We will not explicitly derive the transmission coefficient here, as it is a relatively trivial
calculation and is left as an exercise for the reader. Instead, let us ask ourselves the question
of under what conditions we obtain no reflection?

0= Z;cosb; — Z; cosb;
= sin 260; — sin 26;
= cos(6; + ;) sin(6; — ;)

This means that the condition is clearly
T
0; + 0. = 5

Substituting this result into Snell’s Law, we obtain an expression for Brewster’s Angle

fp = tan! <”2) (1.49)

ny

Do not get this confused with 6., the critical angle for total internal reflection; 0p is always
defined, where as 6. is only defined for ny < no.
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1.6.3 Perpendicular Polarisation

This is very similar to the case above, except we reverse the orientations of the £ and H
fields for each of the waves. This means, when we impose the boundary conditions, that
we obtain

E,+E =FE
E; E E
?Zcosé?i— 7:(30561' = 7:005975

Similar solving of these two equations as above yields the reflection coefficient as

E,~ Zicosb; — Z;cosb;
_ 1.50

~ Zycosb; + Z; cos b,

Again, let us ask ourselves the same question about the conditions under which we obtain
no reflection.

0= Z;cosb; — Z; cos by
= sin(ei — Gt)

This means that the condition is clearly
0; = 0,

However, this is a meaningless condition, as for the angle to be unchanged, we would
require that ny = no, meaning that there is in fact no boundary, and thus would be no
reflection anyway.

100 - — 10

al Rs a0 b Ry
Rp . Hp
g i
80 24 o] -
B 5‘

ol B 70 -
= s [
= E £
£ b0 L it} i
= Ao
E 5 5 50
Z Range of total
= ] 0 F . .
= a2 i internal reflection
é 30 Wk

20 0

1] 10

0 i

0 ] I T a0 TR | B 1 B0 0 1 I T ] s 70 B0 a0
Angle of incidence & (7] Aungle of incidence & (%)

Figure 1.8: Reflection Coeflicients. R, corresponds to polarisation parallel to the plane of
incidence, while R4 corresponds to perpendicular.
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1.7 Electromagnetic Waves in Conductors

In a conductor, we cannot assume that py = 0 and Jy = 0. If we assume that the
density of free charges satisfies charge conservation, and the conductor obeys Ohmic heating
(J; = oE), we can write that:

Ipy
Vol =y
Opy o
ot e
pr=poe /"

The quantity 7 is known as the relazation time of the conductor. We have two limiting
cases:

e Perfect Conductor - In such a material, we have that ¢ — oo, and so 7 — 0.
This means that the relaxation time is negligible, and so the free charges within the
material can move instantaneously to cancel out the external fields.

e Perfect Insulator - In such a material, we have that ¢ — 0, and so 7 — oco. This
means that the relaxation time is very large, and so the free charges within the
material cannot move at all the cancel the external fields.

For the remainder of this section, we will be working within the domain of the former case,
though interested readers are welcome to work through the following derivations in the
opposite limit to see if they can re-obtain the results of Section (1.6).

1.7.1 Dispersion Relation

In conductors, we thus have Maxwell’s Equations in their full form as given in Section (1.4)
(though assumed linear). Taking the curl of (1.21), and using (1.22), it follows quickly
that

O*E OE
2 _ F— =
V°E = ,ue—atQ + ;w—at

Displacement current  Conduction current

We obtain a similar wave equation for B. Assuming plane-wave solutions as previously,
we arrive at the dispersion relation of

E? = ipow + pew? (1.51)

It can be useful at this stage to write k = K/ + ik”, such that we can make some simplifi-
cations of this dispersion relation under certain conditions.

k/Q _ k//Q — MECU?

2K'K" = pow
Note that we can solve these equations to find explicit expressions for k' and k”, but
this is usually not required. This is because, for a good conductor, the magnitude of
the displacement current can be considered negligible in comparison to the Conduction

current, such that ¢ > ew. The crossover frequency between the two regimes thus occurs
for w v~ o/e. Under the good conductor condition, we have that

k/2 _ k//2 - O N k/ — k//

k* =ipow

k:ﬁuﬂ')
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where we have chosen the solution that is appropriately bounded for r — co. The quantity

5= ] (1.52)

is known as the skin depth of the conductor, and is a measure of the distance over it
which it takes the amplitude of the signal to fall to 1/e of it’s original value. Evidently,
in the limit of high conductivity, § — 0, and so for a perfect conductor, no fields actually
penetrate into the material.

1.7.2 Enmnergy Transport

Given that the amplitude of the wave is decaying, it would be interesting to look at how
the energy is transported with the wave. Through the careful treatment of the real parts
of the quantities involved, it can be shown that

k/

E2 "
<§> _ /Z\ioeka z
2110 w

Similarly, it can be shown that

E(Q) _ok!" 5 (0’ > Eg _9k! 5 ]{3/ 2
<U> = Te a + €0 Tluoe ;

The terms in the brackets are the magnetic and electric contributions to the energy respec-
tively. Imposing o > ewg, we find the interesting result that the magnetic contribution
always dominates; the energy is mostly carried by the magnetic field in good conductors.
The velocity at which the energy is transported is given by

(S)

Ve = —

{u)

Comparing the two expressions above, we find that v. = dw, instead of the group velocity
of the wave as is the usual result. This is because if A = 27 /k’ = 276 « ¢, then the envelope
through which we define group velocity becomes undefined; it becomes meaningless to talk
about group velocity!

1.7.3 Wave Impedance
If we substitute the solutions for £ and B into (1.21), then we find that

I = .
<—zk - 5) Eppn = pHpp(—iw)

Re-arranging, and using the definition of Z, we find that

z-La—q (1.53)

oo

In the limit of a perfect conductor, § — 0, meaning that Z — oco. This is in accordance
with the finding that the wave does not actually penetrate into the conductor.

31



Toby Adkins A2

1.8 Dispersion and Plasmas

Our aim in this section is to come up with an approximate model for dispersion; that is,
the phenomenon where-by different frequencies travel at different rates within the same
material. One such way of doing this is by the Lorentz oscillator model, where we model
the electrons as being classically coupled to their atoms. This model evidently does not
take account of the effects of Quantum Mechanics, but it does make some good predictive
results.

Initially, let us assume that the oscillations of the electrons are small enough around their
equilibrium point such that they can be approximated by a linear spring force mw%g, with
some damping term m-~yz. By Newton’s Second Law, we can write the equation of motion
of the electron as

mi = qE — myi — mwiz

Assuming that the external electric field E is sinusoidally varying, we can let x = ™!

~w’mz = qE — imwyz — mwiz

qF

m ((w§ — w?) —iw)

&:

Let the average number density of electrons within the material be n. Recalling that
P =qx:

P =mnp

ng? E

m (Wi —w?) —iw)

Assuming that the material is linear, P = egx.E. Then, as €, = 1 + x,, we find that

ng? 1

eom (wg — w?) — iyw

e =1+

In reality, each coupled system can have an infinite number of energy levels and associated
frequencies, as well as there being multiple oscillators (ie. more than one electron) per
atom. Let us suppose that there are f; electrons per molecule, that each have some natural
frequency w; and some damping constant ;. This allows us to arrive at the slightly more
comprehensive result of

) =14 3 Ji (1.54)
€om < ((,uj2 —w?) —iyjw

There are two main types of dispersion that can arise:

e Normal dispersion - Lower frequencies travel slower than higher frequencies. This is
what we observe in most materials

e Anomalous dispersion - Higher frequencies travel slower than lower frequencies. Dis-
persion is always said to be anomalous if v, > v,

It is important to bear in mind that in some cases of anomalous dispersion that the velocity
at which the energy is transported is often not the group velocity, as this is often not well-
defined. We saw this in the case of the conductor in the previous section.
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1.8.1 Plasmas

Plasmas are gases of ionised particles that can be modelled as being roughly neutral. There
are many interesting aspects of plasmas, such as Debye Shielding and Magnetic Drifts,
that the author would love to be able to go into here, but for the sake of both brevity
and sensibility, we shall concentrate on applying what we have learnt about dispersion to
plasmas. In all plasmas, we have completely free electrons, and so there is no linear spring
term binding them to nuclei.

Collisionless Plasma

Diffuse, high-temperature plasmas tend to be collisionless. We can have obtain an intuitive
understanding of why this might be through Kinetic Theory; the faster the electrons are
moving, the smaller their ’effective collision radius’ (in the hard-sphere approximation),
and so they are less likely to encounter another particle on it’s trajectory. Of course, this
is ignoring all electromagnetic interactions between the particles.

For such a plasma, we would expect the damping to be very small, and so we impose the
condition that w > . This means that the equation of motion is simply
z= —%E
mw
At this stage, we actually have the decision to treat the plasma as either a dielectric,
or a conductor with complex conductivity (this is fine; there is nothing that says that
conductivity must be real).

e As a dielectric - In this case, we go through the same process as before, deriving an
expression for P = np, and subsequently finding €. This turns out to be

e(w)=1- “ (1.55)

where w, = ne? /egm is known as the plasma frequency. From the results of Section
(1.6), we obtain a dispersion relation

k? = pew?
= poeo(w® — wy)

e As a conductor - In this case, we need to find the conductivity o, as a conductor
does not have a well-defined polarisation as in a dielectric.

Jr=nqz
2

— i
mw

Assuming that the conductor obeys Ohms law

lf =ok&
ne’
o=1—"
mw

From the results of Section (1.7), we obtain the dispersion relation of

E? = pew?® + iwpw
9 ne?
= pew” — p—r
m
= poeo(w? — wp)
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We thus obtain the same dispersion relation (setting ¢, = 1 and p, = 1 in the conductor
case); these two descriptions are thus equivalent in the case of a collisionless plasma. This
means that we can write quite generally that

k=—y/w?—w2 (1.56)

C

Note how k becomes complex for w < w,. This means that electromagnetic waves can
only travel in a plasma for w > w,,, or else they are evanescent waves with a very short
skin depth. But why is this the case physically? The argument is very similar to that for
conductors. For frequencies below the plasma frequency, the electrons within the plasma
are able to move quickly enough through it to compensate for the external fields, but this
begins to break down as the frequency of the incident wave reaches and surpasses the
plasma frequency.

A system is designed to measure the density of free electrons in the ionosphere. The density
of free electrons is negligible below a height h, and above this height it increases with height
h as

n=a(h — hy)

A transmitter on the ground sends short pulses of radiation of frequency v vertically up-
wards. These are reflected at the point where the refractive index n = 0 and are then
received on the ground at a time AT after emission. If for vy = BMHz, A1y = 1.01ms,
and for vo = 6M Hz, A1y = 1.16ms, find values for a and h,,.

This is a hard, but also interesting question, which is why the author has decided to include
it here. First of all, let us look at the group velocity of waves in a plasma.
c
k' n
w? = wg + K2

dw 9
Q— =2
wdk‘ c’k

Ak

Y=

This means that we obtain the useful plasma relation that

vV, = C? (1.57)

Now to the question. We know that for h < h,, vy = ¢, and that for above this height, we
have the relation that

a(h — hy)e?

€eom

Ak =w? —

The travel time through the air is simply ¢, = 2h,,/c. Through the plasma, we have that
dh 1 dh
t, =2 =2 | ——dk
? / vg(F) / vg dk

dh _ 2c2kegm

From above, we have that

dk ae?
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Then

740.16077% ky di — dw?egm

ae?  Jy, ae3c

ty =

By definition, k¢ is the wave-number at the point of reflection, which is zero (cannot
propagate for n too large), and so ky = 0. Similarly, k; = w/c. From this, we are able to
complete our calculation.

degm

Ay —An = —5
ae’c

ar? (v — i)

_ 16egmm®(v3 — v7)
 (Am — Am)e2c
~12x10" m™?

c 16egmm?v?
=5 (Aﬁ T ackc

~1x10° m

Collision-dominated Plasma

Dense, low temperature plasmas tend to be dominated by collisions. In this case, we cannot
neglect the damping term. Once again, we can treat the system in two ways:

e As a dielectric - In this case, we obtain a complex dielectric constant of

ine?

e =1+
€oMmyw

e As a conductor - Through an identical calculation as before, we obtain

neQ
o= —
my

Once again, we obtain the same dispersion relation via substitution into the appropriate
expressions in both cases.

What should one take away from this? Generally, the methods for deriving the frequency
dependant permittivity should be practised, as they allow one to describe free electrons in
other scenarios quite effectively as well. Other than that, it is an interesting introduction
into the world of Plasma Physics.
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2. Blectromagnetism 11

This second chapter on Electromagnetism covers the following:
e Radiation
e Electromagnetism and Special Relativity
e Transmission Lines

The division of the material into two chapters is completely arbitrary. This second one
covers quite separate and un-related topics that are stipulated in the syllabus, and so
they can be omitted on first reading through the material. In fact, this author does not
understand the decision to include them as part of the course in the first place, and hopes
to change the syllabus to reflect this. Nevertheless, it is important that students make
themselves familiar with this material.
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2.1 Radiation

Radiation is the energy flux from a system that propagates through a sphere at r = oo
(with an appropriate choice of coordinate system). If both the magnetic and electric fields
fall of as the inverse square of the radius, the flux through such a sphere is zero. This
means that radiation must occur in systems that have a different power-law dependence;
this turns out to occur as a result of the oscillation/acceleration of dipoles. Note that
this does not mean that all such systems produce radiation; certain symmetries (such
as spherical) prevent radiation from actually being emitted, as the radiation fields may
interfere destructively.

2.1.1 Larmor’s Formula

Arguably, the most important result associated with electromagnetic radiation is Larmor’s
Formula, which states that

q2a2

Prag = (2.1)

6megc?

That is, it is the statement that any accelerated charged particle radiates energy proportional
to the square of it’s acceleration. Note that this is the instantaneous acceleration, though
usually one talks about the time averaged power. From this equation, it is clear that P,aq
does not depend on the radius r, nor the time ¢. This is essentially a statement of energy
conservation; the power crossing a given sphere at a given time must be the same as that
crossing another sphere of a different radius at another time. For some dipole moment p
and some solid angle df2, the formula can be re-written as

dFraq = 1 @ 2sir129
dQ  16m2epc3 \ dt?

An electron is released at rest and falls under the influence of gravity. In the first meire,
what fraction of the potential energy lost is radiated away. Give an order of magnitude
estimate. It can be assumed that the radiation lost is so small that it does not effect the
motion of the electron.

Assume that the only force effecting the acceleration is gravity, and that the force remains
roughly constant. This means that simply a = g. Let the height fallen be h. This means
that potential energy lost is mgh, where m is the electron mass. The time taken to fall a
height h is simply given by t, = \/2h/g. Then, the fraction lost as radiation is given by

Paath _ 4°v2gh
mgh 6megmhc?

Fraction Lost = 10721

Thus, the amount of energy lost due to radiation is negligible in comparison to the potential
energy lost, confirming our a priori assumption.

Proving Larmor’s Formula
g

Now that we know the result, the question is, how did we arrive here? Let us go about
proving Larmor’s Formula, and in doing so consider some interesting effects of acceleration
on charges.

First, let us consider the question: what does the field of an accelerated charge look like?

The electric field of a charge moving at a constant velocity (or that is stationary) is purely
radial, as shown in the left of Figure (2.1). However, when a charge is being accelerated,
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it takes time for the information about the instantaneous position of the particle to travel
out to some radius r. This finite travel time actually means that components of the field
in the 6 direction are created, as shown on the right of Figure (2.1).

Figure 2.1: The electric field lines of a stationary charge (left) and an accelerated charge
(right)

This component of the electric field, as well as the associated component of the magnetic
field in the ¢ direction, are known as radiation fields; this is because their product is pro-
portional to 1 /r?, meaning that a finite power is radiated away to infinity. It is possible
to shown this all mathematically, but the knowledge that the fields scale with 1/r is the
most important information for deriving Larmor’s Formula (up to numerical factors). This
information has just been included in here for the sake of understanding.

Consider an accelerating charge that has an effective dipole moment p. We now compute
the Poynting vector for the system as
1 C 2~ 1 ~ .12 ?

S.g=—ExB=—|B|"r=—5-——= X —

Srad T =2 |1BI"T 167203 T p|”
The fact that the power is radiated radially follows from the directions of the £ and B
fields outlined above. Suppose now that the dipole oscillates in the z direction, and define
0 as normal in spherical coordinates. Then
1 pP

—— sin 92

IS -
16m2€gc3 12

Prad —

The total power radiated is computed by integrating over the solid angle d€:

1 L 5 Is
Poag= [ S,pq - d= ——5—= d dfsin” § = —
rad / “rad - TE= T 6203 /0 ¢ /0 S 6megcd

If we now suppose that the dipole is of the form p = Pyt p(t), it follows quickly that
P = qa, where a is the acceleration of the electron. Substltutlng this in, we arrive at
Larmor’s Formula.

2.1.2 Scattering Types

When electromagnetic radiation is incident on atoms, it creates an electric dipole with the
electron, meaning that it will radiate some of the incident energy away. This is known as
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electromagnetic scattering. We define the scattering cross section as

<Prad>
(S)

This is essentially a measure of the amount of the incident power that is radiated. As such,
we have the following scattering types:

o(w) = (2.2)

e Thompson Scattering - This is the elastic scattering of EM radiation from a free
electron. This means that we let wy = 0 in the equation of motion of the electron,
meaning that the scattering cross section is a constant; or, put in another way, it
does not depend on frequency

e Compton Scattering - This is the inelastic scattering of EM radiation, where the
frequency of the emitted wave is not the same as the incident wave. This occurs
when the energy of the photon is comparable to the rest mass energy of the electron
Bw « mec?

e Rayleigh/Resonant Scattering - This is the elastic scattering of an electromagnetic
wave by an electron bound to a nucleus in an atom. We can model the electron as
being classically bound to it’s atom by a spring force mw%. The case where w « wy,
we are in the regime of resonant scattering, and ¢ > 1. Rayleigh scattering occurs
under the condition that w < wq

Note that we usually only consider the effect of the electric field of the incident wave on
the electron, and not that of the magnetic field. This is because the magnitude of the
magnetic field force is much less than that of the electric field.

_ quB  ZywBy wZy
-~ gE Ey c

Fp
Fg

This quantity is evidently much less than one in most materials, and for most frequencies.

2.1.3 An Illustrative Example

Consider coherent light incident from the sun on an atom in the atmosphere. Assuming we
are in the Rayleigh Scattering regime, we can write the equation of motion of the electron

as
mi = qE — mwpz
= qkE
T om(wE —w?)

where we have assumed that the electric field is of the form E = E,coswt. Then, the
acceleration is given by

B qgEow? cos wt
m(wi — w?)

Time averaging:

E2w? w b
<:b'2> = 0= . 0/ °dt cosgwot
27T 0
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This means that the radiated power is given by

1 9 8mrd w?
o= (ae) (5°) ooy

average of S scattering cross section

where rg = (a?h?)/(c?). Writing it in this form is useful, as it allows us to see that the
radiated power is proportional to the incident power, and the scattering cross section. In

the Rayleigh scattering limit, w < wp, and so we find that P,,q o w?.

This limit is interesting to us as it allows us to explain a commonly mis-understood ques-
tion; why is the sky blue? The light from the sun that is incident on atoms in the upper
atmosphere causes said atoms to radiate energy, as we have demonstrated. However, as
Prad o< w?, the higher frequency end of the spectrum is favoured, and as such blue light is
radiated with «~ 4.5 times the power of red light, making the sky appear blue. Note that
this is not the case if you are looking at areas of the sky near the sun, as the electrons
are only able to radiate energy perpendicular to their oscillation, and this at angles to the
incoming rays from the sun.

Conversely, for a sunset, the light from the sun has to travel through a much greater amount
of atmosphere to reach the observer, as the path of the light rays are almost tangential
to the surface of the Earth. This means that the majority of the blue light is already
radiated /scattered before it reaches the observer, and so the sky appears red.
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2.2 Electromagnetism and Special Relativity

This section shall serve as a brief introduction to relativistic electrodynamics, though this
shall be covered in much more depth in the Third Year course. This author shall assume
that the reader is familiar with Einstein’s Postulates of Special Relativity, as well as the
Lorentz Transformations, Time Dilation, Length Contraction and Relativistic Velocity
addition. If the reader is unfamiliar with any of these concepts, it is recommended that
they refresh their memory using the CP1 Special Relativity notes before reading on.

2.2.1 Field Transformations

We will now examine how both E and B fields transform under Special Relativity. These
can be derived by considering the change in the surface charge density and surface current
density (using the invariance of charge, see the following section) on parallel plates that
have orientation parallel and/or perpendicular to the direction of relative motion between
the two frames. The derivations will not be covered here, as this author believes knowledge
of them is not required by the syllabus. The transformations between a frame F' and frame
F’ moving at a velocity v with respect to F' are thus

£ =& (2:3)

B =B (2:4)

E| =~(E, +vxB,) (2.5)
1

1=7<B¢—02vxEl> (2.6)

where v is defined as usual in Special Relativity. We can observe two interesting cases of
these equations:

e If B =0 in frame F, then there is actually a magnetic field in F’ given by

1
B/:—*QQXE/
c

e If £ =0 in frame F, then there is actually an electric field in F” given by
E'=vxD

Both of these cases highlight the importance of the effects of Special Relativity on electro-
dynamics, as ‘'new’ fields can appear if we previously had not been taking into account its
effects. Furthermore, due to the way these transformations act, one could almost think of
magnetism as simply a relativistic correction to electrostatics.

Astute readers may be asking the question as to whether there are any frame invariant
products in relativistic electrodynamics, in the same way as (for example) E? — pc? was
invariant for massive objects. In this case, it turns out that £, - B is invariant, as follows.

B B= (B Bim g By (X B+ (X B Bu - (0 B (0xEL))
(BB~ (0 D (BB — (B ) (B, )

v2
=72 (EJ_'BJ__EJ_'BJ_>

Similarly, it can also be shown that E? — ¢2B? is also frame invariant.
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2.2.2 Charge Invariance

As it is quite difficult to measure the value of a charge in motion, we define the charge as

q:eo/ E.-dx (2.7)
oV

Now consider a charge ¢ that is at rest at the origin of frame F'. Consider the electric field
at some point P at (r,60) in the z-z plane in frame F. Our aim is then to find the field
at some point P’ at (r',6’) in a frame F’ moving at a velocity v = (v,0,0) relative to F.
Using the Lorentz Transforms, it is clear that

a::fy(:v'+vt) :fyr;
Y = y = ry 0
z=2 =7
From (2.7), we can write the electric field in frame F” as
/

E/ _ 7q r
— 4meg r!

13

1/2
Recalling that 1’ = (:1:’2 + 1y + z’2) , we can use the relations above to show that

47['60 (1 _ 62 Sin2 9/)3/2 ?”,2
where = v/c as normal. It is easy to show that this reduces to the expression for f < 1

that we would obtain by applying the Galilean transformations to the usual expression for
E. Let us compute the flux of £’ through a sphere of radius 7’ in frame F’:

. 9/
E .Y = 40’ de’ S
/ 47?60 72 (1 — B?sin? 9’)3/2

q , sin ¢’
- 2 d 3/2
207 Jo (1—B%sin?¢) /

_ 4 /1 du— b
2¢07* Jo1 (1-— B2U2)3/2

where the substitution u = cos#’ has been made. Evaluating this integral, it is clear that
the right-hand-side is equal to q/eg. This means that charge is invariant across frames,
regardless of whether they are relativistic or not. This is quite a powerful result, as it
means that Gauss’ Law can be applied independent of the consideration of frames.
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2.3 Transmission Lines

Thus far in our consideration of AC circuits, we have considered voltage and current to be
constant along the wires connecting the active components; any capacitance, inductance,
resistance, voltage gain etc. is all lumped’ together in the components. This assumption,
while not immediately obvious, does seem un-physical, as there will evidently be changes
in the voltage and the current along the wires as they are not perfect conductors.

A transmission line consists an active wire that carries the (time-varying) voltage/current
from the input circuit to the load, and another conductor that acts as a return path and
is usually earthed. Suppose that a semi-infinite transmission line has capacitance per unit
length C’ and inductance per unit length L’. Now consider the voltage and current at z
and z + dz as below. Note that the arrows show the direction of current flow.

> I I
7 I+drl
v V+dV
¢ | :
z z+dz

Figure 2.2: A schematic transmission line

Applying the normal formulae for inductors and capacitors, the changes in voltage and
current over the interval [z, z + dz| are given by

ol ov

dV = —L'dz— and dI = -C'dz—
ot ot
|

due to inductance due to capacitance

Note that we are assuming that there are no parasitic losses due to resistance within the
line. We can re-arrange the above two expressions to obtain

ov oI
i (2.8)
or v

These equations are known as the telegraph equations that define the behaviour of the
voltage and current. Taking the spatial derivative of the first equation, and the time
derivative of the second:

0%V 0?1 0?1 0%V

- = / — -
0z~ LTaa: ™ g o2

Using the fact that derivatives commute, we can put these two equations together to obtain

o*V 0*V
L=
022 ¢ Ot2
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We can find a similar equation for the current through applying the same derivatives but
in the reverse order. This means that both current and voltage behave as waves in the
circuit, propagating at

1
e

Now, suppose that the voltage takes the functional form V(z,t) = f(z + vt) + g(z — vt).
Substitute this into (2.9), we find that I(z,t) must be of the form

ol o4
I(z,t) = ff(z—kvt) — \/;g(z — ot)

v L
Zo=7=\G (2.11)

as the characteristic impedance of the transmission line. Note that the impedance is de-
fined at any particular point in the line as the ratio of V and I.

(2.10)

We thus define

A transmission line is formed by a wire of radius a placed a distance d in a vacuum above
an infinite conducting plane, where d > a. Find the characteristic impedance of the sys-
tem. Assume that the wire has charge per unit length X, and carries a current I

We can treat this system using the method image charges. Replace the conducting plane
by another wire a distance 2d below the original wire, with charge per unit length —\ and
current —I. Then, the electric field at some point satisfying z > 0 along the line joining
the two wires is given by

B A B A
- 2meg(d —2)  2meo(d + 2)

E(z)
Integrating to find the potential:
d—a
AV = —/ dz E(z)
0
A d—a
S / g (L1
2meq Jo d—z d+z
A <2d — a>
= log
27eq a

A (Qd)
“ log | —
27eq a

We have made use of the fact that d > a in the last step. This means that the capacitance
per unit length is given by

Q A 27e

r_ _
¢ IAV AV_log(%d)

Now for the inductance per unit length. By Ampere’s law, it is easy to show that

pol 1 1
B(z) = 29 —
(2) 2 (d—z d-l—z)
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Calculating the magnetic flux:

¢>=/B-dz
_g/dad wl (11
d—z d+z
poll <2d>
o HOZ e (22
a

where we have again made use of d > a. This means that the inductance per unit length
is given by

y_ 109 _mo, (2d
L_Eal_QTrIOg a

This means that the characteristic impedance of the line is given by

1 2d
Zy = — Ho log <>
21\ € a

Typically, Zg -~ 10 2. This means that, to a rough estimate, we require that d «~ 3a,
meaning our assumption that d >> a is only valid for systems of much higher impedance.
2.3.1 Reflection and Transmission

Consider a line of length ¢, with characteristic impedance Z, that is terminated by some
impedance Zr.

Figure 2.3: A transmission line terminated by Zr

The solutions to V and I will be the sum of the reflected and transmitted waves:

V(Z, t) _ wei(wt—kz) + wei(wt—l-kz)

Vi Vi
T v oi(wt—kz) VT i(wttkz)
(z,t) = Z —e Zo e

Note the negative sign in-front of the second term in the expression for current; this comes
from the functional form used to derive (2.11). The boundary condition in this case is that
the ratio of V' to [ is equal to the terminating impedance at z = 0, by definition. From
this, it is easy to show that

r=-—L=22_20 (2.12)
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Let us consider some limiting cases:

— Z7 =0 - All the energy is reflected with a phase shift of .
Vreflected — _Vincident

— Zr = Zy - No energy is reflected. This is called matched impedance, where all the
power is transmitted to the terminating load.

Vreflected — 0

— Zp — oo - All the energy is reflected but with no phase shift.
Vreflected — V’incident

We now define a quantity

eik‘Z + Te—ikf
as being the input impedance of the system at z = —£. This is quite simply the impedance

seen by the system at said point. Note that we can re-obtain the condition for impedance
matching by letting Z; = Zj in this expression.

A leak develops at one point in an infinite transmission line. The resistance of the leak is
equal to the characteristic impedance of the line. Show that 1/9 of the power in the incident
wave is reflected and 4/9 is dissipated in the leak.

We can model this problem by considering the leak as being some impedance Zy, as shown
in the following Figure.

(1) (2)
z=10

Figure 2.4: A leaky transmission line

We need to consider the waves in each of the regions (1) and (2).

Vi = V'iei(wt—kz) + Vrei(wt-l—kz)

Il = Zléei(‘-ﬂt‘i‘kz) _ %’8 Wt—kz)} Reglon (1)

‘/'2 — Viei(wtsz) .
I, = Yigilwt—kz) Region (2)

Zo €

el
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Now, the boundary conditions of this problem are that the voltage is continuous, while the
current is discontinuous over the leak, namely:

\%
Vi=Vy and L1 =1L+ —
Zy

Defining L = Zy/Zy, it is quite easy to show algebraically that

v, 11
Vi  1+2/L 3
Vi 2 2
Vi 2+L 3

However, we are told that Z, = Zp, and so these expressions reduce to the expressions in

2
the lighter type above. Recalling that Py = ‘%) , we have shown the result.

2.3.2 Stubs

Stubs are simply transmission lines that are connected to the system by a single end,
and terminated at the other end by either a short-circuit, or an open circuit. These are
typically used to replace capacitors and inductors in high frequency circuits, as under these
conditions these components perform poorly due to parasitic reactance. Note that stubs
can only behave in this way when their length ¢ satisfies certain conditions, which can be
found by equating the stub impedance (see below) with the required impedance. However,
at the higher frequencies, the associated wavelength is sufficiently small such that the stub
does not have to be very long.

e Open Circuit Stub - Let us assume the end of the stub that is not connected to the
system is terminated by an open circuit. In this case, we can either use the condition
that I = 0 at the end (z = —/), or look at limiting cases of (2.13).

ZT — 0
r—1
Zopen — —1Zg cot kl

e Short Circuit Stub - Let us assume the end of the stub that is not connected to the
system is terminated by an short circuit. In this case, we can either use the condition
that V' = 0 at the end, or again look at limiting cases of (2.13).

ZT —0
r— —1
Zshort — 120 tan kf

It immediately follows that

ZopenZshort = Zg (2.14)

This actually has an interesting practical application; one can find the characteristic
impedance of a transmission line by measuring Zopen and Zghory by attaching a stub to
it. This is used frequently in electrical maintenance.

Note that with stubs, it is generally useful to match admittances, defined as Y =1/Z. For

example, for no reflection back to the source, we need the Ysiu, + Yimpedance = Yo when the
stub is placed in parallel.
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3. Optics

This chapter aims to introduce some further concepts in the field of Optics, including:
e Fraunhofer Diffraction
e Spectroscopic Instruments
e Polarisation

It is assumed that readers are familiar with the basic assumptions and conventions asso-
ciated with both geometric and wave optics, as these were covered in the Optics Section
of the CP2 paper in First Year. Generally, it is not hard to gain an understanding of the
fundamentals of Optics, but students often find it difficult to apply this learned knowledge
to problems. The answer on this front, as it is in most cases, is practise.
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3.1 Fraunhofer Diffraction

As we have outlined in Section (1.5), light behaves as a superposition of orthogonal electric
and magnetic fields, and as such, must be a solution to the wave equation. This has either
plane wave solutions, or spherical wave solutions (< 1/7). As we have seen previously, we
take take the amplitudes of the waves from point sources, and add them together to give
the total resultant amplitude U(6). Then, using the fact that the intensity is given by

1(8) < [U()[* (3.1)

any non-negligible phase difference between the two point sources will lead to an interfer-
ence pattern when properly imaged. Now let us recall Huygens’ Principle:

Every point on a wave-front may be considered a source of secondary
spherical wavelets which spread out in the forward direction at the speed
of light. The new wave-front is the tangential surface to all of these
secondary wavelets.

This means that our amplitude treatment of the interference of point-like sources can be
extended to finite apertures; we can sum up the contributions from each ’point’ in the
aperture (that each act as a source for Huygens’ spherical waves) through integration to
find the total amplitude. This idea forms the basis of most wave optics calculations.

Fraunhofer diffraction is a special case of this, and occurs where the phase difference between
optical paths from the source to the image plane via some point in the aperture is a linear
function of position in said aperture. The resultant intensity pattern is observed at infinity,
or more conveniently in the focal plane of a lens that collects the diffracted rays. A question
worth asking at this stage is as to how far do we need to be away from the diffracting
aperture to be able to work within the Faunhofer regime. Consider the figure below.

Y

-

A

[ —

_,/

.7/
— aperture Plg}_z_/__
—

—

Figure 3.1: Diffraction by some general aperture

Let the coordinates (z,y,0) represent a point P; within the aperture, and the coordinates
(«',y, 2") represent some point P, at a distance r’ from the centre of the aperture. We can
let y = ' without loss of generality. Then

2

, x
r= (x’fx)2+z/2mr’fxsm0+?
r

where we have expanded under the assumption that < 7/, and observed that under the
small angle approximation, sin@ « x/r’. Under the Fraunhofer condition, we require that

49



Toby Adkins A2

the phase difference introduced by the last term is negligible:

ka2

o7 < 27

This means that for some general aperture of ’size’ a, wavelength A and a distance R from
the screen, the Fraunhofer condition can be written as

2

a
— 2
o <R (3.2)

Note that this is not how we define Fraunhofer Diffraction; it is a consequence of the
Fraunhofer condition, not the other way around.
3.1.1 Fourier Optics

With these principles in mind, we will now turn to explicit consideration of diffraction
calculations. It can be shown that the Fresnel-Kirchoff diffraction integral is of the form

incoming amplitude . obliquity factor
i =~ e'L T
U = X dsS Uy " n(n,r)
3
integral over aperture Huygens’ Wave

The normalisation constant in-front of the integral aside, it is pretty clear that this ex-
pression is simply summing up individual Huygens waves across the entire surface of the
aperture. The obliquity factor accounts for the fact that the direction of propagation of the
wave is not included in Huygen’s Principle; the spherical waves spread out in all directions
from a given point. Its explicit form is not an important consideration here; just know
that it has value zero for waves travelling in the negative direction.

Under the Fraunhofer regime, we can make a series of assumptions to allow us to simplify
this integral, as follows:

1. Ignore the obliquity factor - For small angles around the optical axis, n(n,r) « 1.

2. Far Field Approximation - If we assume that we are viewing the diffraction under
the condition given by Equation (3.2), then the variation in the distance to different
points in the image plane will be negligible. This means that we can ignore the factor
of 1/r.

3. Fraunhofer Condition - If we impose the condition that the phase difference has to
be a linear function of position, we can separate out this from the exponential factor

ezk’r — ezkro ezlca: sin 6 o ezk:a: sin 0

We can absorb the remaining factor into our normalisation assuming that rg is
roughly constant, which is the case in the Far Field Approximation.

4. Region of Integration - As we are no longer integrating over all r, we can then restrict
the integral to one dimension: dS — dz.

Having made all of these simplifications, we arrive at the important expression of

U6) = Us / do T(z) cikosin? (3.3)
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The function T'(x) is the aperture’s transmission function. It is then clear that the resultant
amplitude pattern is simply the Fourier transform of the transmission function; as soon
as we know the transmission function, it is almost trivial to find the resultant diffraction
pattern. Some common transmission functions include:

1 for |z| <a/2

e Single Slit of width a: T(x) = .
0 otherwise

e Double slits separated by d:  T'(x) = d0(x —d/2) + d(z + d/2)
e Diffraction grating of spacing d: T(z) = Z%;é 0(z —md)

Once we start dealing with diffraction as a Fourier transform, results from the mathematics
of Fourier transforms become useful. For example, recall the convolution theorem:

The Fourier transform of a convolution

(e 9]

o) = 1) xg(e) = [ do’ g~ a)f(a)
1s giwven by the product of the Fourier transforms of the individual func-
tions that make up the convolution.

This means that we can find the diffraction pattern resulting from a convolution of two
known transmission functions by the product of the amplitude patterns resulting from each
transmission function. For example, a triangular function of height 1/a and width 2a is
the convolution of two "top-hat’ single split functions of height 1/a and width a. If we then
want two triangular functions as our finite amplitude profiles for double slits, we can then
simply multiply this by the double split pattern. In this way, we can build up quite com-
plicated diffraction transmission functions through the convolution of known transmission
functions.

The factor 5 = ksinf is known as the spatial frequency; the number of cycles per visual
degree of angle. High spatial frequencies correspond to fine frequencies and sharp edges
for images, while low spatial frequencies correspond to the broader features; so an image
where the high spatial frequencies are filtered out will be blurry and low-resolution. We
can intentionally use this by blocking off part of the Fourier plane if we want to limit our
imaging to high or low spatial frequencies. The transmission function can be represented
as a sum of sinusoidal components, which become a series of delta functions upon applying
a Fourier transform. For example, consider T'(x) = 1 + cos(wsz) for ws = 27 /ds i.e. a
periodic structure of size ds.

> tkx sin 0 . A . A
U(Q)oc/ dx e :5(0)—|—5<sm9—>+6<sm9+>
oo d d
This means that there is only zeroth and first order diffraction from this single spatial
frequency. Evidently, Blocking some of these will change the nature of the image. This
can be achieved because each spatial frequency (corresponding to a different value of dy)
is diffracted at a different angle and so ends up at a different point on the Fourier plane;
regions of high spatial frequency occur at large angles, while regions of low spatial frequency
occur at low angles.

An Illustrative Example

Find the intensity pattern for a grating of N slits of width a, each separated by a distance
d. Comment on the intensity pattern in the cases where d = fa and d — a. Find the
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resolving power of the grating
Using the apparatus that we have set-up above, we can write that
1(0) = |UL(0) Ua(0)?

where Uy () corresponds to the amplitude resulting from the single slit, and Uz(6) corre-
sponds to the amplitude resulting from the delta-function diffraction grating.

Calculating the resultant amplitudes:

a/2 o eik%sina _ e—ik%sinH 1
Ui(0) / da etkzsing o ——  sinc <ka sin 9)
—a/2 ik sin 6 2

This is the typical single slit pattern that we encountered in the Optics course during the
First Year course.
00 N—-1
UQ(Q) O(/ dr eikxsin@ Z 5(1, _ md) x 1+ eikdsine + e2ikdsin0 +€3ikdsin0 + ...
- m=0 sum as a series
1 — eiNkdsind  gip (%de sin 0)
1 — eikdsing > g (3kdsin6)

X

Putting these together, we arrive at the final result of

I0) . (1, | sin? (3 Nkdsin6)
1(0) = = “kasin0 3.4
(6) = 7 siue (2 s ) sin? (Lkdsin 0) (3:4)

envelope diffraction pattern

The normalisation factor comes from the fact that we want the intensity pattern to have
value I(0) at # = 0; expanding the sine functions for small values of their argument allows
us to see that this is the correct normalisation factor.

The maxima of the intensity pattern occur at the values for which the sine function on the
denominator is zero, namely:

kdsin @ = 27p

where p is an integer corresponding to the order of the maxima. On the other hand, the
minima occur both at the zeros of the sinc and sine functions:

Nkdsinf = 2mn and kasinf = 27m

for integers n and m. This means that there are N — 1 subsidiary maxima from the
diffraction pattern between each principal maxima. What happens if we now let d = ¢a?
It is quickly obvious that this means that every ¢ maxima of the diffraction pattern
coincides with a minima of the envelope, and so is missing from our diffraction pattern. In
the limiting case where d — a:

in (2 0) sin? (3 Nkasin6
lim I(0) Wsm (5 Nhasin0) o sinc? <;k(Na)sin9)

d—a %ka sin 6 sin? (L in

Thus, it becomes equivalent to a single slit of width Na. This is because the spatial
frequency of the grating is on the order of that of a single slit, and so one cannot distinguish
between the different slits.
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The Reflection Grating

Another type of optical grating is that of the reflection grating, consisting of a series
of reflective mirrors in the place of the slits. This system can add a phase difference
depending on the incident angle. Consider the figure below. Evidently, for each individual
mirror surface, ¢ = 6. In the same perpendicular distance ¢ from the surface, the incoming
light ray has horizontal optical path length ksin ¢, while the outgoing ray has ksin . This
introduces a phase difference of

0 = kd(sin 0 — sing) | (3.5)

grating surface

Figure 3.2: Phase difference for a reflection grating

This is known as the grating equation. Note that if § = —¢, the light will return through
the source slit.

We obtain the same intensity pattern as the diffraction grating, except with this new
phase term. In zeroth order, § = ¢ (corresponding to reflection off individual mirrors),
meaning that we cannot use it as a spectrometer in the lowest order. Furthermore, the
intensity is significantly reduced as a result of the fact that only half of the grating surface
is reflective. This issue can be fixed by blazing; the mirrors are tiled by an angle v to the
surface, allowing us to shift the central maxima away from the zeroth order to areas of
higher dispersion.

3.1.2 Abbe’s Theory of Imaging

Abbe’s Theory of Imaging characterises the action of an optical system as a Fourier trans-
form of the initial object, part of which is sampled and inverse Fourier transformed by
the imaging system, such as the lens. This helps to explain why diffraction patterns are
limited by the the resolution of the imaging system, as we will see in the next section.

Let us now go about demonstrating this. Consider an ’object’ f(z) (such as a diffraction
aperture) that is illuminated by plane, monochromatic light of wavelength A. The diffracted
rays ass through a lens of focal length f placed at a distance u from the object, as shown
in Figure (3.3).

Let 71 be the optical path from the object plane (z) to the image plane (z’). This means
that we can write r; = 22’ = o2’ — xsinf. We will now make use of the Fresnel-Kirchoff
diffraction integral as given by Equation (3.3), except including the In the focal plane of
the lens:

. 4 ’
jetkor’

f(m’) = ;\/dx etk f(w) = 3 /da: e~ tkzsin® f(x)

Fourier transform F'(ksin 0)
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€T lens ;.1." z"
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object |
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Figure 3.3: Demonstrating Abbe’s Theory of Imaging

Then, considering the resultant amplitude in the image plane:

i I A /
f](x’) _ /\/dx' ezkrz f(x') — /\Q/dzv' ezk(m-&-%) F(k sinH)
This means that the image plane at v is the conjugate plane of the source, and is the
inverse Fourier transform of the amplitude sampled by the lens, as stated above.

Consider two slits of width a who’s centres are separated by a distance d. Find an expression
for the intensily pattern as a function of the angle 0 between the direction of observation
and the normal to the slits. The diffraction pattern is imaged by a lens of focal length f
at a distance u from the lens. In the case where d = 3a, make a sketch of the intensity
distribution: (i) in the plane of the slits, (ii) in the focal plane of the lens, and (iii) in the
image plane of the lens at a distance v behind the lens. Note that v > a®/\.

Clearly, the intensity pattern will be as result of the convolution of the pattern due to a
single slit of width a, and two point sources separated by a distance d. By the convolution
theorem:

u@)= U.(0) Us(0)

—— ~——
finite single slit double slits

Let us calculate these amplitudes, making use of the transmission functions given in Section
(3.1.1).

a/2

UL (6) = Uo/

—_ 1
dao e~ krsind o gine (kza sin 0)
a2 2

and

o0

Us(6) = Uo/

—0o0

1
dx 0(x +d/2) + é(x — d/2) o cos <2kdsin 9>
The intensity pattern is thus given by

1(0) = I(0) sinc? <;k:a sin 9) cos? <;kd sin c9>
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The intensity pattern in the slit is just the mod-square of the result of the convolution of
the two transmission functions; that is, two ’top-hat’ functions, as shown above. In the
plane of the lens, we observe the normal Fraunhoffer diffraction pattern, with every third
interference maxima missing due to a zero of the envelope (recall that d = 3a).

A I(y)

— L 1(0)

I |
I I

d/2 d/2 Yy

A
v

Figure 3.4: The intensity distribution in the plane of the slits

At a distance v from the slits, we will now observe the same pattern as in the plane of
the slits, except that it has been magnified by a factor of v/u due to the lens. There will
also be a reduction in clarity or detail due to the finite diameter of the lens, leading to
diffraction limited imaging (see the following section).

A I(y)

— L 1(0)

d/2 d/2 Yy
Figure 3.5: The intensity distribution at a distance v from the slits

Now we can ask ourselves the question as to what occurs when the lens is removed. As we
are told that v >> a?/\, we will still get a Fraunhoffer diffraction pattern without the lens,
except that it will be magnified by a factor of (v + ) due to propagation. This is because
the Fraunhoffer diffraction pattern is formed by angles of equal inclination. In the context
of Abbe’s theory of imaging, the inverse Fourier transform is due to the propagation of the
wave-front. This only occurs at v because there is phase information encoded in the waves
at the plane of the lens that takes into account where the object is (i.e. of the distance u).

3.1.3 Diffraction Limited Imaging

Following on from Abbe’s Theory of Imaging, the minimum dimension of the structure in
the object corresponds to the maximum angle of incidence for which the objective lens can
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collect light (and so depends on the size of the objective lens) according to:

A

dmin

(3.6)

sin Oz =

Note that the right-hand side of this equation should be multiplied by a factor of 1.22 if
the aperture is circular. This is also the minimum angular separation for which two point
sources resolved under the Rayleigh Criterion:

Two objects are considered distinguishable if and only if the limit of the
mazima of one falls on the minima of the other.

These two factors together imply that the resolution of a system is limited by diffraction.
In the subsequent sections, we will investigate some optical devices that are limited in this
way.

Plano-convex Lens

Consider a plano-convex lens, as shown in the figure below. The smallest spatial scales of
the object are only sampled if, under the small angle approximation:

o A < D e d = 2 \u

d T 2u ™D

lens -
7
D
object
I { | I

U 0]

Figure 3.6: A simple plano-convex lens

If the lens is now immersed in some medium with refractive index ng, this becomes

10 Sin Opar = A =NA (3.7)

dmin

NA stands for numerical aperture, which is in fact defined by this equation; it is a dimen-
sionless number that characterises the range of angles over which a system can accept or
emit light.

Compound Microscope

The compound microscope consists of two lenses, an objective lens that forms a real,
inverted image, and the eyepiece lens that allows the real image to be viewed at infinity.
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objective lens eyepiece lens

F—ug [ Vo | —fe—a —fe—
[ L |

Figure 3.7: A schematic diagram of a compound microscope

The angular size seen in the microscope is 5. The angular size subtended at the near point
D « 25 cm of the eye is a = x,/D. It is clear from the figure that § = z;/f.. Then, the
total magnification is

ﬁ . D T, i D Vo

a feme feuo

Thus, the total magnification of the system is the product of the magnifications that result
from the individual lenses. Under normal conditions, typically ug «~ fo and vy «~ L, where
L is known as the tube length. This means that we can write the magnification in the form

DL

M=_ -
fefO

(3.8)

Telescope

Telescopes are essentially used to increase the angular separation between two points in
the observation plane, resulting in magnification. This can either be done by reflection or
refraction. Schematically, telescopes appear very similar to Figure (3.7), except that the
rays are incident parallel to one another at some angle «, and that vg = fy. This means
that the magnification of the telescope can simply be shown to be the ratio of the objective
focal length to the eyepiece focal length; namely:

_Jo
fe

What about it’s resolution? The easiest way to argue this is in reverse by asking the
question 'what would a point source look like if projected from a telescope. Well, it must
simply be the point spread function of the telescope. If the diameter of the telescope is D,
then the minimum resolvable angle is

M (3.9)

A
eresolution ke 1-225 (3.10)

Optical Fibre

These utilise total internal reflection to keep the light travelling inside the fibre. Consider
a cylinder of refractive index ny, clad in an insulator of refractive index n; (n; < ny).
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no

Figure 3.8: The end of an optical fibre

Recall Snell’s law at the interface between the cylinder and the cladding.
nysinfy = n; sin 0;

When sinfy > n;/ny, that is, greater than the critical angle, then we have total internal
reflection. In the case of an optical fibre, the numerical aperture is the maximum angle
at which a ray can enter the fibre and still undergo total internal reflection. Apply Snell’s
law at the end of the fibre:

ngsinfy = nysin (g —9f> =costy =4/1 —sin20f

But the condition for total internal reflection is that sin@; > n;/ny, such that

nycosfy = ngsinty < \/nff —n;
NA= 1/n?—n12 = ng sin 6" (3.11)

Note that this is slightly different to the definition that we have used for lenses and their
diffraction limit. What the two definitions have in common, however, is that they both set
a maximum angle at which the component can accept information.

[

We thus define

Diffraction Limited Brightness

Evidently, as systems are limited by the maximum angle to which they can collect and
subsequently emit light, the energy flux into the system is limited. The F# (said 'F-
number’), measures the amount of light that a lens can collect. We know that the energy
collected is proportional to the area of the entrance pupil. The flux density is then related
both to the image area (o< f?) and the energy collected (o< D?). Thus

Flux Density o

Energy collected . (D 2
f

Image area

We thus defined the F'# as

/
F# = D (3.12)
This means that the flux density is proportional to one over the square of the F#. If the
system is diffraction limited, then the image area is approximately (A\/D)?. This means
that the flux density is proportional to D*, where D is the diameter of the lends. This
actually means that a small change in the size of the aperture will give a bigger gain in
image brightness than if one is not limited by diffraction.
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Finite Sources

We are now going to look at the case where the source pertaining to an optical system
is finite, and thus limited by diffraction. Suppose that we have a finite source of width
s, that is placed in the back focal plane of a collimating lens of focal length f. Then by
Equation (3.6), we know that the wavelength spread that results from diffraction is

sD
AN dmingmax " 7

We define the bandpass of an optical system as the range of wavelengths that the system
collects, given by

sD
AN bandpass — 7 (313)

for a lens of diameter D. This means that wavelengths outside this range will not be
collected by the optical system.

It is also worth considering the angular shift in the diffraction pattern that results from
the finite nature of the source slit. Suppose again that the source slit is in the back focal
plane of a collimating lens of focal length f;. The diffraction pattern is observed in the
focal plane of a focal length fa. The half angle subtended at the lens by the rays leaving
the slit is given by

s
o —
2f1
This means that the principle maxima will experience a linear shift of g = afs in the
plane of observation. For this effect to be neglected, we require that ¢ < x,, where z), is
the linear position of the p** principle maximum.
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3.2 Spectroscopic Instruments

We are now going to delve into the realm of spectroscopy (loosely, the measurement of the
intensity as a function of wavelength), and take a look at some spectroscopic instruments.
As such, we will be using notation that is more familiar in this domain; we will usually
refer to wave-number, instead of wavelength, defined as

_ 1
V=

A

3.2.1 Fringe Formation

Thus far, we have just been assuming that the light we have been considering is coherent,
and monochromatic. As such, we are able to add wave amplitudes, as the single wavelength
can interfere with itself to produce the fringe pattern. However, for incoherent waves, or
waves of different wavelengths, we add the intensity patterns, as each wavelength does
not effect the others. In all cases, fringes will occur where the sum (over all sources and
wavelengths) of intensity is constructive.

Fringes are said to be localised if they can only be seen at some subset of places where
the beams cross. They are then non-localised if they can be seen everywhere the beams
cross. Generally, point sources tend to produce non-localised fringes, as the rays leaving
a point source interfere constructively each time that they cross. Eztended sources can be
modelled as a series of incoherent point sources. These produce non-localised fringes for
every point within the source, but there is only some finite region in which the sum of the
intensity patterns is constructive, and will give good fringes, instead of washing out to a
constant. This means that extended sources, in general, produce localised fringes.

Fringes of equal inclination are formed by combining parallel rays that arrive at infinity.
As a result, these will be localised at infinity, and will be circular rings. This is because
the fringe locations only depend on angle from the central axis, meaning that we can make
arbitrary rotations associated with cylindrical symmetry.

3.2.2 Some Important Definitions

There are some important definitions that we need to cover before investigating two com-
mon interferometers in the coming sections. These are as follows

e Free Spectral Range (Av pgr) - This is the largest wave-number difference at which
adjacent diffraction orders do not overlap. To calculate the free spectral range, find
the change in U that increases the phase difference § by 2.

e Instrumental Width (Av ngr) - This measures the width of the wave-number peaks
as the phase difference is changed. To calculate the instrumental width, equate the
full-width-half-maximum (FWHM) for the peaks to the change in phase difference
AJ.

e Resolving Power (RP) - This measures the smallest wave-number or wavelength
difference that the instrument can resolve. For order p, it is defined by

A v

RP = =
AXNsT  AVINST

(3.14)

We shall put more of these definitions into practise as we have a look at both the Michelson
and Fabry-Perot interferometers.
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3.2.3 The Michelson Interferometer

The Michelson interferometer is common configuration for optical interferometry and was
invented by Albert Abraham Michelson. A schematic diagram of the apparatus can be
seen in the figure below.

LSS ﬂr’fQ
I

Mj M,
E
P »ad Q
source BS CP ﬁ

A 4 P

d

detector

Figure 3.9: The Michelson Interferometer

The beam splitter (BS) created two orthogonal beams that travel down the arms of the
apparatus, and reflect off the two mirrors M; and Ms. M) represents the image of My
in-front of My. The compensating plate is designed to account for the fact that the vertical
beam has a longer optical path length as a result of spending more time in the optically
denser beam splitter. It thus ensures that the phase difference between the two beams is
due solely to the mirror separation d, and so will be zero at zeroth order.

Circular fringes are created when the mirrors are orientated at right angles to one another,
and are both perpendicular to the optical axis. This creates the symmetry required for
circular fringes. They are thus fringes of equal inclination, localised at infinity, as they are
created by the phase difference between outgoing, parallel rays. Straight, equally spaced
fringes are observed when there is a small angle between M; and M), and when there
is only a small separation between the mirrors. These are localised in the plane of the
mirrors.

Interference Pattern

To find the interference pattern, we first need to derive the phase difference that results
from some mirror separation d. Consider the equivalent set-up for the Michelson apparatus
shown in the figure below. Beam (1) travels an extra AB+ BC between the mirror surfaces.
This means that the path difference is given by:

Ax = AB+ BC = AB + AB cos 20 =

(14 cos20) = 2dcos@
cos
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d

Figure 3.10: Equivalent Set-up for Michelson Interferometer

Assuming now that the medium separating the mirrors has a refractive index n, then the
total phase difference between the two beams is given by

0 = 4dmnd cos 0 (3.15)

The resultant amplitude is then given simply by the sum of the amplitudes of the individual
beams, namely

U(8) = Uy + Upe™ = Uy (1 n ez‘&)

This means that the intensity profile for a Michelson that is illuminated by a single wave-
length is given by

I
1(6) = 50 [1+ cos 6] (3.16)
The normalisation has come from the fact that we have to re-obtain the incident intensity

at zero phase difference.

Fringes
There is a central dark fringe at 8 = 0. Let this have order pg. Then, clearly
2d
2d = poA — po = By

If one substitutes sensible values for A and d, they will discover that this is in fact not only
an integer, but a very large number! This is because it turns out that the highest order
occurs for § = 0, with the order decreasing for higher angles. This is because the linear
displacement from the centre is very large for large angles, and so the phase difference
between the beams becomes vanishingly small in comparison to their propagation.

Let us now counsider the order for angles 6 # 0. We shall define our order relative to pg.

2dcos @ = (po — p)A

92
2d<1—2p+...> = poA — pA

2
0, d -~ pA
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where we have ignored terms of O(63) and higher. This means that each order is roughly
located at an angular displacement of

0, = /= (3.17)

Let us now investigate how the order changes when we vary some of the parameters of the
system. In both cases below, we will be working in the regime where cosf « 1.

e Variation with d - From the definition of § given by Equation (3.15), is is clear that

Ap = 2Ad

e Variation with A - Again using the definition of §:

Ap 2d Ap-1 A2

—=—— — A\ “ —

AN N PSR 94
The second expression is the change in wavelength for fringes of different orders to overlap.
If this is less than the spread of wavelengths, then we will not see fringes.

With Multiple Wavelengths

Suppose that the beams now contain two wavelengths with associated wavenumbers Dy
and 7y, both with the same intensity. As stated in Section (3.2.1), we add the intensities
of different wave-numbers. Using double-angle formulae, and for § = 0, it is easy to show
that the interference pattern is given by

envelope
7 _ _ —
I(d) = (;) 1+ cos (47rd 7 —; V2> cos <47rd 7 5 V2> (3.18)

interference

This means that we obtain the characteristic ’beat’ pattern, as shown in the figure overleaf.
The beat pattern will disappear at the zeros of the envelope, namely:

vy — U 2p+1
2 V2:E+p7r—>d: D+

drd P
Ty 2 A7 — o]

If the intensities of the two wave-numbers are not the same, there is incomplete cancel-
lation, and the beat pattern does not go completely to zero, as in Figure (3.11), but the
relationship above still approximately holds.

For these wavelengths to be resolvable, we require that we can scan the interferometer far
enough through d such that this whole cycle of cancellation is visible - then we can tell
that two wavelengths are present. This condition amounts to
AU
d INST

4 T—ﬂ'

meaning that the instrumental width of the Michelson is given by

1
AV NgT = ﬁ (319)
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Figure 3.11: Two wave-number beat pattern

This means that the resolving power is straightforwardly given by

RP = (3.20)

v
2d

Suppose that we have three wave-numbers v, v + 0v, and v — 6v. The intensity of the lat-
ter two is half that of the first. Find an expression for the intensity observed at the detector.

As usual, the resultant intensity is just the sum of the intensities from each of the compo-
nents.

I(d) = 2a[l 4 cos(4nvd)] + a[l + cos(4dnd(v — 6v))] + a[l + cos(4dnd(v + 07))]
= a[4 + 2 cos(4dnvd) + 2 cos(4nvd) cos(4mdiv))
= a4+ 2cos(4nvd) [1 + cos(4ndop)]]

Thus, the final pattern can be written as

I(d) = 1(20) 1+ cos®(2mdévd) cos(4nid)]

Doppler Broadening

Doppler broadening is the broadening of spectral lines due to the Doppler effect caused
by a distribution of velocities of atoms or molecules. Different velocities of the emitting
particles result in different Doppler shifts, the cumulative effect of which is the line broad-
ening. This essentially means that we can no longer consider our wave-number profile to
be consisting of a series of perfect delta-functions; that is, each has a finite spectrum. This
creates a finite coherence length after which no interference pattern can be observed.

Suppose that we place the axis of observation along the z-axis. Let 7y be the original
wave-number of the source, and that v, is the component of the velocity of an atom in the
source along z. Then the shifted wave-number is given by

We know that from Kinetic theory that the distribution of velocities is given by:
mvg

p(’l)z) x e 2kpT
This means that we can write the power spectrum of the source at 7y as

p() = \’;[% (;) 6_%(55050)2 (3.21)
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Fourier Transform Spectroscopy

The Michelson Interferometer can be used for Fourier transform spectroscopy to find the
power spectrum p(7) of the source. The intensity pattern observed at the detector is simply
the cosine Fourier transform of p(7), which can then be found by computing a subsequent
inverse Fourier transform.

I(x) = const. + /d17 p(7) cos(2kx) (3.22)
p(v) = /dx (I(x) — Ip) cos(2kx) (3.23)

We define the wvisibility of the fringe pattern as

Imax - Imin
V=—“— 3.24
Imax + Imin ( )

where Iyax — Imin is the difference in intensity between the intensities at the light and dark
fringes; that is, the difference between the cosine term of the interference pattern taking
values +1. Essentially, it is a measure of the width of the envelope of the intensity pattern.
For a monochromatic source, this is simply unity.

Suppose that we have a monochromatic source that is Doppler broadened. What is the
visibility of the pattern observed? Using Equation (3.22)

_ 2 r—pg 2
I(x) :const.+/dve “t2h< 7o ) cos(4mvx)

c

2 7 u\2
:const.+/due ”?}L(EO) cos(4m(u + p)x)

Note that we have ignored the normalisation constant from p(r) as this will cancel in our
calculation of V. We make use of the result that
o)
™
/ dz e~ cos(bx + ¢) = £6_52/4“2
—o a

cos(c)
to find that the intensity pattern is given by

ﬁ Yth 5

2
I(x) = const. + 2—6_(2”)2( ) cos(4dmipx)
a

This is the normal cosine interference pattern that we associated with a single wave-
number, except modulated by the exponential factor that defines the coherence length of
the pattern. This means that the visibility is given by

vy N2 8nlkpTos o
V = e~ @ ()" _ oot /e

Evidently, V' — 0 for  — oo as the spacing will exceed the characteristic coherence length
«, and we expect that there is simply the mean average value left in the interference
pattern. Suppose that the monochromatic source corresponds to a spectral emission line
from a distant star. If given data for the intensity as a function of the separation x, this
means that we can estimate «, and thus the temperature of the star.
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Figure 3.12: Path of light beam through the FPI

3.2.4 The Fabry-Perot Interferometer

Also known as the Fabry-Perot Etalon, the Fabry-Perot interferometer (FPI) consists of
two surfaces of reflectivity R = |r|? and transmittance T = |¢|?.

The phase difference between adjacent rays is clearly given by (3.15). As a result of the
similarity with the Michelson (in terms of configuration), the fringes created by the FPI
will have the same localisation as in the Michelson, as well as the same relationship for ¢,
given by Equation (3.17). Calculating the transmitted amplitude:

. . . : 1
U(8) = 2Up + r22Upe™ + r32Upe'® + - - - = Upt? (1 + % e 4 ) = Uot* +— 55
—re
infinite series
1 1
1(9) x x
(9) 1+7r%—2r2cosd 1+%sin2(%)
We can thus write the transmitted intensity of the FPI as
Io
1(0) = 3.25
©) 1+ 252 sin? (3) (3.25)
where the quantity F is known as the finesse, given by
™R
F = 3.26
R (3.26)

Clearly, as 0 < R < 1, higher finesse corresponds to higher reflectivity. The finesse can
be interpreted (roughly) as the number of ’effective’ rays that contribute to the output
intensity. To see why this, we need to consider the intensity of the outgoing rays. The
first ray has intensity Iy, the second R%Iy, the N-th R*VI,. Suppose that the decrease in
intensity corresponding to the N-th ray is given by

RN =¢ % — 9NlogR=—6

Assuming that R « 1 (which is valid in most cases), we can expand the logarithm in terms
of a small parameter § =1 — R:

2Nlog(1l — ) ~ —2NB « —2N(1 — R)
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It follows that

3
“1-r"7

Evidently, this is a rough approximation; we have been quite arbitrary with our definition
of the decay in intensity required for us to neglect a ray. However, it does give a bit more
of an intuitive way of thinking about the finesse.

1(5) 4
Fi < Fo
ew |
|| I|I ]:1 IIII\I
I I'l
A [
A / \
{f II'\ l.u‘f \'.
> e / \
120172 f
/ \\ / II"\\J:Q
— 1 — | —
27p 2r(p+ 1) 4
Figure 3.13: Intensity pattern for an FPI

Some Relevant Calculations

ated with the FPI.

In a similar vein to with the Michelson, let us calculate some important quantities associ-
e Free Spectral Range - As stated in Section (3.2.2), we need to find the change in v
that causes a change in § by 27. Thus:

A6 = 4dmnAvdcos b

21 = 47mnAv psrd cos
Thus, it is clear that

3 1
AU psr =

2nd cos )
e Half Width at Half Maximum - We need to let 1(d,/2) = Io/2-

(3.27)

N =

1
B 1 -+ 4ﬂ_i22 sin2 (%((51/2 + 27'(']9))
5 2
2 /2y T
it () = 1
Assuming that 4/, is small, we find that

™

012~ =

(3.28)
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e Instrumental Width - We can use the previous result to equate the FWHM to the
change in §:

= = 4mnAv insTd cos 0

resulting in

1
AV NsT = fﬁﬂ FSR (3.29)

e Resolving Power - Using the definition given by Equation (3.14), it is clear that

330

for some order p. We have used the fact that fringes are located at 2d cos§ = p\ =

i3

Analysing a Spectrum

In order to be able to interpret a spectrum consisting of two wave-numbers separated by
Ar, we must satisfy the condition that

’AD INsT < AU < AU psgr (3.31)

If this is satisfied, then the ¢*"* order peak from one wave-number will be between the pt”
and the (p 4 1) orders of the other. However, there is a certain ambiguity; the ¢** order
of 7 + AU is either near the p'* or (p + 1)"* order of 7, as shown in the following figure.

1(5) 4
L1 L]
L] II:S v
|'I i’ |l|
I Il
Il I
| |1
|1 |1
|I I|I \ |I I' |
I|' | { I|I i’ —|— AI_} |,' \ { I|I
A /FI Vo I'.
\ [ \ [
;’I I\ I.l'l I".. .l'll \'\ ,"l I"-,‘
.-"J Y .r'f \\ / "-\ f \
/f"' o\ / L\
I__..f by - /- \___.
/ / \ \ / S/ / \\\
__/,/ ___/,./" -\_\__H \H."'\-\._\__ ,/_/ ______J,.--"" — \\"""\._\_\___\___
—— | —— i ‘ —>
27p 2r(p+1) 8
2mq 2m(q+ 1)

Figure 3.14: Resolving two wave-numbers

This means that we have either

Av X1 X2
— = or
JANZZ TS T1 + X2 T1 + X2

We can convert these to angular measurements by

Av cos 0, — cos ), cos 0, 1) — cos b,
= or
AU Esr  COS (9(p+1) —cos b, cos 9(p+1) —cos b,
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We can then convert to radial measurements by observing that 62 o r2. Of course, this

does not solve out ambiguity, but merely gives us two possible values. The way to resolve
the ambiguity would be to take another set of measurements at a different value for d,
which should give another two values, only one of which will be the same as that in the
original data.

There are also other considerations that have to be taken into account when analysing a
spectrum, including:

e Etalon Design - The parameters that we have to tune are the optical thickness (nd)
and the reflectivity (R) that will affect the Finesse, in order to satisfy the condition
given by Equation (3.31). Ideally, one would choose the spacing such that the fringes
corresponding to the second wave-number lie in the middle of an order. Otherwise,
if the peaks lie close together, a large Finesse, and thus reflectivity, is required to
distinguish the peaks.

e Illumination Type - We should also deal with the case where the light passing through
the etalon is not a continuous beam, as we have thus far assumed, but a single laser
pulse that satisfies TAw «~ 1, where Aw is the frequency width of the pulse.

2me 2
Aw = 72A/\source — Alsource =
A 2mer
From the resolving power,
A 2d
=pF =—F
ANNST P A

Evidently, it is useless to have AANsT > AMsource, because the etalon will be at-
tempting to analyse spectral information that is not there. This places an upper
limit on the useful finesse, and thus reflectivity, given by

TeT
F<—
- d
e Parallelism - If the reflecting plates are not quite parallel, deviating at maximum by
h, then this introduces on average an error of 2h every time this mirror is visited.
We can estimate the effect of this by arguing that

1 1
ndF ~ maximum optical path

AV INST =

This means that the ray makes roughly F trips through the etalon. For coherence
to hold, we require that A > 2hF. In other words, an upper bound on the practical
Finesse is set by

1
F < e (3.32)

The optimum set-up for the FPI will thus evidently depend on the spectrum being analysed,
and so the above points always need to be considered when configuring the apparatus.
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3.3 Polarisation

The polarisation of a light wave is defined as the direction of the electric field as the wave
propagates. For the analysis of this property, we often split the light up into orthogonal
components, and use real wave representations. For light propagating along z:

E, = Ey, cos(kz — wt)
E, = Ey, cos(kz — wt + ¢(1))

Note that we have made the arbitrary choice to absorb the phase factor into the y compo-
nent; this could also be put in the x component, or even both.

3.3.1 Types of Polarisation

There are four types of polarisation that are possible. These will depend on both the
relative magnitude of Ey, and Ey,, as well as the behaviour of ¢(t).

Un-polarised

Un-polarised light occurs where ¢(t) is stochastic in nature; that is, it is random, or
uncorrelated. This means that the direction of the electric field is not well behaved, and
so we cannot give it a determinate value. Instead, we can decompose un-polarised light
into two orthogonal polarisations.

Linear Polarisation

Linear polarisation occurs where both the direction and amplitude of the electric field
remains constant. This means that we require ¢(¢) = 0. The direction of polarisation is at
some angle a to the y-axis, given by

Loz

tana =
Eoy

EOy A

»
»

EOCU

»
|
T

Figure 3.15: Orientation of linearly polarised light

Circular Polarisation

Circular polarisation occurs where the amplitude remains constant (Eo, = Ej,), and that
the direction of orientation rotates at a constant angular frequency around the direction
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of propagation. For this, we require that the phase difference is given by

™
o=t (3.33)

Light with the positive sign above is known as left-hand polarised light, as it rotates anti-
clockwise when looking back along the direction of propagation. Similarly, the negative
sign is known as right-hand polarised. We can write these two polarisation types as

E, = Eycos(kz — wt) T + Epsin(kz —wt) y
E, = Eycos(kz —wt) 2 — Egsin(kz — wt) y

meaning that the superposition of left and right hand polarised light gives linearly polarised
light along the x-axis:

E=FE,+E,=2FEycos(kz —wt)x

For circularly polarised light, the direction of the E field is given by

E
tana = =2 = +tan(kz — wt)
Es

Elliptical Polarisation

Elliptical polarisation occurs for unequal field amplitudes (Eo, # Eo,), and where ¢ is not
necessarily equal to £7/2. This means that in general we can write

E, = Ey, cos(kz — wt)
E, = Ey, cos(kz — wt + ¢) = Epy(cos(kz — wt) cos ¢ — sin(kz — wt) sin ¢)

Then:

E, E,
Eoy  Eoz

— — cosgp | =(1— = )sin
( EOy EOI ng

Re-arranging, we arrive at

E, \? E,\? E, E, g
() (B () @] o

This is the general equation for an ellipse. We can diagonalise this as a quadratic for to
find the eigenvectors, which will give the directions of the axes of the ellipse. In the case
where ¢ = F, the ellipse is aligned with the x and y axes.

2\ 1/2
cos ¢ = sin(kz — wt)sing = — (1— L ) sin ¢

Squaring both sides,

3.3.2 Birefringence

In some crystals, the relative permeability of the substance can depend on the orientation of
the electric within it, rather than being isotropic. In particular, in birefringent or uniaxial
materials, the refractive index that a light way experiences depends on whether the electric
field vector is perpendicular (the ordinary ray, ng), or parallel (the extraordinary ray, ne)
to the optical axis of the material. As the wave propagates through such a material, this
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will introduce a phase difference between the perpendicular and parallel components given
by

| A¢ = [ne — nolkt | (3.35)

where £ is the distance travelled by the light in the material. This fact is exploited by
wave-plates in order to change the polarisation of light. In particular, there are two types:

e Quarter-wave plate - As one could guess, in a quarter-wave plate ¢ o \/4. This
introduces a phase shift between the components of A¢ = +m/2. This can be used
to convert between linearly polarised, and circular/elliptically polarised light. To
produce circularly polarised light from linearly polarised light, first place a linear
polariser at 45° to the x-y components to ensure that equal intensities of each are
transmitted. This will mean that Eo, = FEpy, in the circularly polarised light. Intro-
ducing a quarter-wave plate will then create the circularly polarised light. Similarly,
one can convert in the opposite direction by using a polariser to determine the an-
gle at which the transmitted light is of minimum or maximum intensity. Then, a
quarter-wave plate aligned along one of these directions (corresponding to the minor
and major axes of the ellipse respectively) will create linearly polarised light. The
direction to the optical axis of the wave-plate will be given by

tana = —
a

where a and b are the major and minor axes of the ellipse respectively.

e Half-wave plate - As one could have guessed, ¢ o< A/2. This can be used to rotate
linearly polarised light. Suppose that the electric field is initially at an angle « to the
optical axis, the component perpendicular will experience a phase shift of . This
amounts to an anticlockwise rotation of the polarisation by an angle 2«. This means
that if we require a rotation by 2«, we need to place the wave-plate with the optical
axis at an angle a to the polarisation, which can be determined using a polariser.

We can use a combination of these two plates to change the polarisation of light almost
arbitrarily. Do not forget to use linear polarisers to determine polarisation directions.

Some Examples

Following are some examples of some questions involving birefringent materials, and wave-
plates.

o FEstimate the thickness of a zero-order quarter wave calcite plate for light of wave-
length 589 nm (ny = 1.658 and ne = 1.486). Find the thickness of an order-100
plate, and explain why this is more practical.

Evidently, we require A¢ = 7/2. Thus:

A

= « 0.856 pm
4|n0 — ne| .

us 27

— = —ne|—4 — 4

g = o =nel 5
For a order-p plate, we make the transformation that A¢ — A¢ + 2ap. Thus, for
p = 100, the thickness is £ «» 0.343 mm. This is significantly more practical that the
zeroth order plate as the latter is too thin to handle and manipulate properly.

o A laser-light filter consists of a thin, plane-parallel quartz plate cut with its faces
parallel to the optic axis. Laser light strikes the plate at an angle of 55° to the normal.
The light is plane polarized in the plane of incidence and at 45° to the optic azis of the
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quartz. Slight maxima in intensily are found in the transmitted light for wavelengths
around 540 nm and 1080 nm. No mazima are found at any longer wavelengths.
Ezxplain these observations. Given that the difference in principal refractive indices
for quartz is 9 x 1073 estimate the thickness of the plate.

v
v
> >
d
v
0
0;
«
b4

Figure 3.16: A diagram of the quartz plate

As 6; = 55°, this is close to Brewster’s angle, meaning that very little light is reflected.
At certain values of A, the plate acts as a plate an integer multiple of A thick, meaning
that there is total transmission, which creates the slight maxima in intensity.

kAnd =21 — Apax = dAn — d~1.2x 107" m
To calculate the thickness of the plate, we want to find 6;. Using Snell’s law:
Nair SIN 6; = Nglass SiN Oy
Using nar v 1 and nglass ~ 1.5, we find that 6; «~ 33°. With simple trigonometry,
this gives ¢ «~ 100 pm.

o The tncoming light is a combination of un-polarised and elliptically polarised light.
When using a polarising filter, mazimum intensity is observed when the axis of the
filter is vertical, which is twice the minimum intensily (observed with axis horizon-
tal). The beam is then passed through a quater-wave plate with it’s ’fast-axis’ vertical,
followed by another polariser. It is now found that the maximum is at o v~ 33.21°.
Find the ratio of the intensities of the elliptically polarised to un-polarised light.

Assume that the un-polarised light is isotropically distributed, and has magnitude Ej.
Let Fq be the component of the elliptically polarised light oriented along the vertical
(major axis), and Fy be the component orientated along the horizontal. Then:

Imax = E? + F}
Imin = E2 4 E3
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We are told that
E? + E}
ﬁ:2 — E2 = E} - 2E3
0 2
After the quarter-wave plate, we have that

b E
tana = — = — — F? = tan® aE?
a E1

Putting these together, we find that Ef “ 7E(2), and so that Imax/Imin » 5.

Prisms

We can cut the uniaxial crystal into the form of a prism, which allows us to further
manipulate light based on its polarisation.

ordinary ray
A

9 L 4
:"{1 , 2 _ extraordinary ray
b

0A|(e)

Figure 3.17: A birefringent prism

The extraordinary ray can pass if 6; < 6. (critical angle), while the ordinary ray is totally
internally reflected assuming that ng > n.. Let us consider the particular case of the
Wollaston Prism, as shown in the figure below. Suppose that the light incident on it is
un-polarised. We can decompose this into components both parallel and perpendicular to
the optical axis in the prism (1).

[XEY

Figure 3.18: A Wollaston Prism
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We will refer to our polarisation directions with respect to the optical axis of (1). Let us
consider the two cases:

1. Parallel - In region (1), it experiences n., and in region (2), it experiences ng. As ng >
ne, it will refract towards the normal. Applying Snell’s Law at the two boundaries:

ne sin a = ng sin(a — f)

ng sin 8 = Ny SNy

As we know that sin v = 45°, this can then be solved for v assuming we have values
for the refractive indexes.

2. Perpendicular - In region (1), it experiences ng, and in region (2), it experiences ne.
This means that it will refract away from the normal. Again applying Snell’s Law at
the two boundaries:

no sin @ = ne sin(a + 9)

Ne SIN G = nyjysine
Likewise, we can solve for e.

The angle 6 = v + € is known as the angle of divergence of the two rays. If sina > ne/no,
we would have total internal reflection of the perpendicularly polarised light, while the
parallel component would behave as before.

If we change the optical axis in region (1) from J to <>, the polarisation direction that is
initially J will remain undeviated, while the other will be refracted. This is an advantageous
alternative as if there is a range of wavelengths, any refraction causes dispersion. There
is no dispersion for the J polarised light, meaning that it would be good for separating a
particular polarisation from another for spectral analysis.

Interference of Polarised Light

There is no interference between polarisations that are orthogonal, meaning that the total
intensity is the sum of the intensity patterns of the components. If we are splitting an ini-
tially un-polarised beam, subsequent polarisations are uncorrelated, which causes fringes
to becomes washed out. If a filter is placed immediately after the source, there is a common
phase factor, but the polarisations will still be orthogonal. This can be fixed with the use
of wave-plates.

For example, suppose that a source for a double-slit interference experiment emits inco-
herent light that is un-polarised. One of the slits is covered with a polarising material
that transmits only horizontal polarisation, and the other vertical polarisation. To obtain
interference, one would place a polariser at 45° before the slits to make the transmitted
components coherent, and then a half-wave plate at 45° to one of the polarisations after
the slits to rotate it to be parallel to the other.

Polarised Light and Brewster’s Angle

Suppose that a beam of polarised light is incident on a boundary between two media at 0,
as defined in Equation (1.49). We know that the reflected and transmitted (refracted) rays
are created as a result of the action of electrons as dipoles within the material. These are
only able to radiate energy perpendicular to the axis along which they oscillate. This means
that the dipoles created by the light polarised in the plane of incidence are only able to
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radiate along the transmitted ray. On the other hand, the dipoles that are created by light
polarised perpendicular to the plane of incidence can radiate both along the transmitted
ray, but also the reflected ray (as the dipole axis is perpendicular to both). This means
that the transmitted ray is partially polarised, while the reflected ray only has polarisation
perpendicular to the plane of incidence. In this way, we can create polarised light from
un-polarised light through reflection from a surface at 6p.

piolarised

modinm bomandary

partially polarised

Figure 3.19: Polarisation upon reflection at 0p
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