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NOTATION

Most symbols will be defined in the relevant sections and sometimes defined on diagrams, but
there are some symbols that are common and will be used throughout the notes, which are
formulated in the following table.

symbol meaning
f focal length
FSR; instrumental range
INST; instrumental width
k wavenumber 27t/

OPL optical path length
Tr[u(z)](B) | Fourier Transform
u(z), U(B) | scalar amplitude

0, A phase difference
6] spatial frequency
A wavelength
v wavenumber 1/

Vectors are in bold font.
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Introduction

To understand a diverse range of optical physics, such as quantum optics, one has to be ac-
quainted with classical optics, or the physics of waves. For most of the things we look at, we
are not just looking into light, but to a diverse range of waves, in its full generality. Wave
phenomena involves diffraction, refraction, interference, which applies to any type of waves
that you can think of. One of the extensions of the studies of the propagation of light waves is
quantum mechanics, where the matter waves propagates in exactly the same way as light waves.

To start this course, we shall first quickly revise geometric optics, then we move onto wave
optics and the phenomenon of interference.

To do that, we actually have to take into account various degrees of simplification. The first
thing we are looking at is Huygens’ principle, and from there we get onto Fresnel-Kirchhoff
diffraction, which is diffraction in the near field, just behind some optical element. But for
most practical purposes, eventually we are interested in the phenomena that happen far away
from our instrument, for instance, in an image produced by a camera, a telescope, or a micro-
scope, and these are then determined by Fraunhofer diffraction, which we compare to a Fourier
transform.

Therefore, the next topic is naturally Fourier methods, or the method of “division of wave-
front”, and the instruments one can produce. Building on top of what you already heard about
diffraction gratings, we are going to look into a grating spectrometer into more detail: we are
interested in the limits for the resolution, and the selection of gratings to achieve a certain
goal. Then we look at spectrometry by division of amplitude. Imagine a wave hitting a half-
silvered mirror, and splitting itself in two ways, which are then brought back to each other for
interference. If we delay one of the two, for example sending one through an extra distance,
thus adding a phase change, you can actually interfere a wave with itself that has been delayed.
With that principle, we can build more complicated interferometers, for example, a Fabry-Perot
interferometer.

A Fabry-Perot interferometer works by simply having two mirrors and having the light trapped
between the two mirrors, which then motivates us to look at the very basic principles of a laser.
A laser basically is a resonator for light, which is just a Fabry-Perot interferometer. We trap
the light in there, with the light between the two mirrors interacting with the laser medium.
The laser medium can be atoms or crystals. If we then combine the reservoir of the light and
the resonator of the light, which will allow certain frequencies of the light to circulate inside in,
this then provides the energy to have that laser running.

After that we look at polarised light. We shall note that waves in general are either trans-
verse and longitudinal, and light waves specifically are transverse: the electric field vector is
perpendicular to the direction of travel. This means that it must behave very differently to
sound, which is a longitudinal wave oscillating in the direction of wave travel. This is what we
shall investigate in the end. However it is important to note that at the start, we shall assume
that light only has a scalar amplitude, i. e. we leave the transverse wave properties of light till
the end.



So what is optics good for? The obvious answer would be imaging, and that would be imaging
in the widest sense: microscopes, telescopes, and cameras. We can also use optics to actually do
something that produces images in a projection, where the best example for it is to use optics
to machine something simple — for example using lithography to produce computer chips. On
top of that, we have spectroscopy, which uses coherent waves like lasers. Then we have optics
used on modern display technologies, and optical coatings on glasses and goggles, which aims
to eliminate ghost images due to multiple reflections. Optical fibres are now extremely useful
in telecommunications. Last but not least, there is an entire field of physics that looks at the
quantum behaviour of light, where we deal with single photons with experiments where we
can produce photons one by one, which then leads into the area of quantum computing and
quantum communication, where a single photon is an information carrier for a single quantum
bit that can exist in a superposition of two quantum states.

Now we shall quickly revise geometric optics.



Laws of Geometric Optics

1 GEOMETRIC OPTICS

§1. Laws of Geometric Optics

We shall survey through some of the very basic laws of geometric optics that is covered with
more detail in the first year optics course.

When a ray hits a boundary, the ray can be transmitted or reflected. This is illustrated in
figure [L.1. The angle 7 is the angle of incidence, the angle r; is the angle of reflection, and
the angle r, is the angle of refraction, usually denoted as the angle that the ray makes with
the normal. The ray that hits the boundary satisfies two main laws: the law of reflection

i = (1.1)
and the law of refraction, or Snell’s Law
nysini = ngsinr, (1.2)

where n; and ns are the refractive indices of the two media. An immediate corollary is that,
when ny < ny the light ray will be deviated from the normal, and therefore there exits a
certain critical angle i¢, at which the refracted angle r, is 90°,

ic = arcsin (ng/ny). (1.3)
If the angle of incidence is larger than ¢, then there will be no refracted beam and all the

intensity is reflected, which is a phenomenon called total internal reflection.

In full generality, the ray satisfies Fermat’s principle, which suggests that the light ray that
passes two points along its propagation path must travel between the two points via the shortest
optical path in between. To understand what “shortest” means, there are two interpretations:

o the optical path length, OPL = n x Ad, where n is the refractive index and Ad is
the geometrical path length, is minimised;

o the light travels via the path that takes the shortest time.

To illustrate the equivalency of the two statements, note that the time is given as

_ geometrical path ~ Ad ~ nxAd  OPL (1.4)
~ light speed  (¢/n) ¢ ¢’ '

and since c¢ is a constant, minimisation of ¢ is indeed equivalent to minimisation of the optical
path length OPL.
Summary
1. When light hits a boundary it follows the law of reflection
1= (1.5)

and Snell’s law
sini = nsinr,, (1.6)

which, formulated more generally, gives Fermat’s principle, suggesting that light always
travels a path that minimises the time and the optical path length OPL = n x Ad.
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Geometric Optics

incident reflected

refracted

Figure 1.1: The action of a geometric ray at a boundary.

§2. Optical Fibres

An invention that uses Snell’s law and total internal reflection is an optical fibre, which trans-
mits light by having it totally internally reflecting in a solid core. The construction of such
a fibre is given in figure . Note that the fibre is cylindrical so we are only looking into a
cross-section of it. To give an idea of the scale of the construction, the diameter of the fibre is
usually of the order of a few hundred micrometers.

The main idea of an optical fibre is to have light entering one side switching on and off with
a very short period. The pattern of the on and off switches encodes Os and 1s in digital infor-
mation, and light pulses are transmitted through the fibre which is then detected and changed
back into electrical signal on the other side of the fibre. We can therefore see that the key here
is to make sure all light pulses travel at the same transverse velocity: as if this is not achieved,
then a pulse of a shape of “on-off-on” with the final “on” signal travelling much faster than
the first may “catch up” with the first signal, making the middle “off” signal missing in our
detection. This problem is called modal dispersion.

To make sure that light that transmit through the optical fibre travels at the same trans-
verse speed, we need to have the light mostly travelling along the fibre instead of bouncing
back and forth in the core; and this is done by having the core and the cladding having similar
refractive indices ne, and ng (where n., > ng), giving a very small range of angles for light
to transmit across the fibre by total internal reflection, leaving light travelling at large angles
to escape the fibre through the cladding. Or, using the parameters given in figure P, we need
the angle x to be very close to 90°.

Let us do some quantitative analysis. Since the light inside the core must totally internally
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Imaging by a Sphere

cladding Nn.q

Figure 2.1: The construction of an optical fibre.

reflect, there is a lower limit of y, which is the critical angle at the core-cladding boundary
Xmin = arcsin (n¢/neo)- (2.1)

This then casts an upper limit of ¢,

Omax = arccos (ne/Neo), (2.2)

hence, by Snell’s Law, we have

Omax = arcsin (\/7%02 — nd?). (2.3)
Sometimes one uses 0., to define the numerical aperture for an optical fibre

NA = sinfp. = VNl — Nty (2.4)

which is a parameter that limits the acceptance angle of this optical fibre.

Summary

1. Optical fibres are deigned to transmit information by sending light pulses from one side
and receiving light pulses from the other side. It is made of a core and a cladding with
very similar refractive indices to trap light with a very narrow range of angle y to transmit
through the fibre by total internal reflection. A commonly used parameter for a fibre is
the numerical aperture

NA = sinfua = Ve — Net, (2.5)

which limits the angle of incidence for the light entering the fibre.

§3. Imaging by a Sphere

Now let us revise the rules of basic ray-tracing that one should be acquainted in the first year
course, including some of the approximations that one is taking when doing so. This is best
done by using an example. Let us consider a parallel bundle of rays entering a sphere with
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Geometric Optics

Figure 3.1: Imaging by a sphere.

refractive index n from a medium with refractive index 1, which can be thought as air, as a
good approximation. Let us also suppose that the bundle is thin and the centre of the bundle
is incident normally on the sphere. The first step would be to draw a diagram, and add a few
geometrical parameters, which is done in figure B.1l.

When faced with an optical system as such, the best way is tackle it is to take one of the
rays in the parallel bundle that is off-centred, let us say the ray at a distance h from the centre,
also shown in figure B.l]. This is then focussed by the sphere and meets the centre ray at a
distance f after its entrance. We use the paraxial approximation throughout, which means
that h < R and i is small, and hence i = h/R and sini = 4. Also we have ¢ — r small, and
therefore i — r = h/f. Hence,

% =i =nr = n(z—%) - nh(%—%). (3.1)

Rearranging this equation, we have

1 n—1 1
- — 2
f n XR’ (3:2)

which is independent of h. This suggests that the sphere acts somewhat similar to a convex
lens, and equation acts as a simple lens maker’s equation for the system.

Now let us see the limit of the paraxial approximation. If we rotate the system, then since
the system has spherical symmetry, it is impossible for all light at any angle image at at the
same point, instead the point that they focus on must form a sphere with radius f, illustrated
by B.2, which cannot be predicted using the paraxial approximation.
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Thin Lens

V\J/\J/\J(v

Figure 3.2: Spherical symmetry of the setup.

From here we are not far from a thin convex lens, which can be thought of two of such spherical
surfaces sandwiched together. We shall look at these in the next section.

Summary

1. When faced with a simple system that we need to do ray-tracing, use an off-centred ray
and paraxial approximation. However we do need to note the limitations of paraxial
approximation and use the symmetry of the system when the paraxial approximation
ever ceases to work.

§4. Thin Lens

Basic Properties of the Thin Lens
The first property of a thin lens is that an on-axis light ray through it follows the lens maker’s
equation, i. e. all the light that originates at a point on the principal axis u will hit the principal
axis again on the other side of the lens at a distance v, where

1 1 1

aﬁL; - ?, (41)

where f is the focal length of the thin lens. If we consider a thin lens with refractive index n
is bounded by two spherical surfaces with radii R, and Rs, and light enters the system from a
medium with refractive index 1, then

2= <n_1>x<Ril+Ri2). (4:2)

The derivation can be found in the first year lecture notes, and hence will not be repeated.
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Figure 4.1: A parallel bundle of rays incident obliquely on a thin lens.

The lens maker’s equation illustrates what happens for a light source at the principle axis,
but as we have seen previously that the most simple way of ray-tracing is to consider an off-
centred ray. To work out what happens for these rays, we have four simple rules (under the
condition that we can use paraxial approximation):

o the ray that passes through the centre of the thin lens goes straight through the lens;

o the rays that are parallel to the principle axis upon entrance are focused to the focal
point of the thin lens, located on the principal axis on the other side of the thin lens
that is a focal length away from the lens;

o the rays that passes through the focal point before entering the lens become a parallel
bundle of rays upon exit;

o a parallel bundle of rays incident on the lens at an angle ¢ will be focussed at a focal
length away, at a distance x = ¢f. This is illustrated in figure §.1. An qualitative proof
of this is shown in §0.

We have stated Fermat’s principle in the previous section yet we have not had a chance to
apply it. We shall do that now in the context of a thin lens, to try and proof lens maker’s
equation in the first year in an alternative way.

Lens Maker’s Equation from Fermat’s Principle

Let us now consider a ray that originates from point A on the principal axis and hits the
principal axis again at point B, through the thin lens, hitting it at point C'. This is illustrated
in figure 4.2, Let us now consider the optical path length of the light as a function of h. This
gives

OPL(h) = vVh? 42+ VA2 + 02 +d(h) x (n — 1), (4.3)
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Thin Lens

Figure 4.2: Using Fermat’s principle to find the lens maker’s equation.

where we assume the ray travels in the lens for a short section d(h). Note that the optical path
length in that section is longer than the optical path length in air, and therefore we need to
correct to that by first subtracting the optical path length in air, then add onto the optical
path length in the lens, and hence gives a total contribution of d(h) x (n —1). If we let the
centre of the length to have thickness dy, then we may approximate d(h) = hy — vh?, just
by approximating the lens surface as a parabola. Using Fermat’s principle, this optical path
length must be the same as the optical path length of the ray that travels though the centre of
the lens, as only if that’s the case, light travelling through both paths are allowed. This gives

OPL = VI +u + Vh* 4+ 0° 4 (do = yh*) x (n = 1) = utvtdox (n—1).  (44)

Next using the paraxial approximation, so we can binomially expand the square root to second
order of h/u and h/v since both ratios are much smaller than unity, we have

1 1
-4+ - =2 —1 4.5
o= 2yx(n-1), (4.5)

the lens maker’s equation with f = 1/[2y x (n — 1)]. Just by considering the simple model
where the lens is spherical on one side with radii R and flat on the other side, we have

vh? = VR2+ R — R* = h*/(2R) = ~ = 1/(2R), (4.6)

and hence we have the lens maker’s formula as
1

a—l—%:(n—l)x%. (47)

A more sophisticated analysis will then give the full lens maker’s formula that assumes that
the lens is spherical on both sides with different radii.
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Geometric Optics

Summary

1. There are four simple rules for ray-tracing for light that passes through a lens, described
in the main section of the text, used for light rays that does not path the principal axis.

2. For light that passes through the principal axis, the path follows the lens maker’s equation

4= o (4.8)

§5. Compound-Lens Systems

Aperture Stop

Previously we have talked about thin lens, however thin lenses in real life are far from ideal.
For example, ideally, using the thin lens to image a parallel bundle of rays along the principle
axis will lead to the rays focussed at a focal length f, however this is usually not the case in the
real world: some rays will meet shorter than the focal length and some rays will meed further
than the focal length. This is called spherical aberration. For a parallel bundle of rays with
the central ray hitting the lens at the centre, this effect can also happen, and is called coma
aberration. To reduce these effects, sometimes when designing a system, we block some of
the light such that light only travels through the centre part of the lens. These blocks may
limit the amount of light travelling through the optical setup, and the cross-section through
the block where the amount of light is limited is called the aperture stop. If there are no
mechanical blocks, then the aperture stop is just the objective lens of the system.

For ray-tracing in a complicated system, we usually consider how two rays travel through
the system. They are

o the chief ray, the ray that hits the centre of the aperture stop;
o and the marginal ray, the ray that hits the edge of the aperture stop.

Of course, describing the method of ray-tracing without examples is difficult, and therefore we
shall demonstrate these effects with the compound microscope and the astronomical telescope.

The Compound Microscope

Let us look at a simple model of the compound microscope used a small object, say with a
height h,, illustrated in figure .1, which is simply made up of an objective lens with a focal
length f, and an eyepiece lens f. which are a tube length L apart. For simplicity let us not
cover any parts of the lens and assume that it is ideal, and therefore the aperture stop would
just be the objective lens. For a microscope we simply assume that the object we are looking
at is very small, and as a result both the marginal rays can be thought as they are emitted
from a point on the principal axis. Therefore we assume that they meet up with the chief ray
at a distance v governed by the lens maker’s equation

SR -
u v fo
therefore forming an image with height h;. An alternative way of thinking about this is to trace
the ray that is parallel to the principal axis when the rays enter the objective lens, and the
result would be the same — the parallel ray meets the principal axis at a distance f,, and will
meet the chief ray at where the image is formed. To magnify again, we may add an eyepiece
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Compound-Lens Systems

objective eyepiece

Figure 5.1: A simple model of a compound microscope.

lens, which we place at a distance f. away from the image. Then since they all meet at a point
at the focal length f., using the final rule in §2 in reverse, we note that they must be a parallel
bundle of rays upon exit. When the chief ray hits the principal axis, we denote the cross-section
of the exiting bundle of rays as the exit pupil (note that the exit pupil is simply the image of
the aperture stop, in this case it is the image of the objective lens). We denote the objective
magnification M, as the ratio of the sizes of the image and the object, which in this case is
given by, by the theory of geometry of similar triangles,

M, = hi/h, = v/u. (5.2)

We note that there is no image formed since the output is a parallel bundle of rays, and
therefore we need a third lens to form another image, which in this case is simply the eye.
Therefore, in order to get all the detail of the object into the eye and hence form an image
on the retina, one need to make sure that the eye is placed at the exit pupil, with the size
of the lens of the eye to be larger than the diameter of the exit pupil, but the closer the bet-
ter, to get a good magnification. If the image is to be projected onto a charge-coupled device
(CCD) camera (which is exactly the same technology used as phone cameras), then we will need
to add a third lens before the sensor and make sure that the size of the third lens is at least
as large as the exit pupil, and the image will then be formed at the focal length of the third lens.

We note that, since we have a parallel bundle of rays on exit, it is difficult to come up with a
definition of the magnification for the compound microscope as a whole like how we wrote down
the objective magnification. Instead we have to change our logic and write down an “angular
magnification”, that is, the ratio of the angular size of the object and what is seen by the eye.
Noting that the largest angular size subtended by the object without the microscope is

a = h,/D (5.3)
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objective eyepiece

Figure 5.2: A simple model of an astronomical telescope.

where D =~ 25cm is the near point of the eye, that is, the shortest distance of an object that
the human eye can resolve. On the other hand, the outgoing ray has an angle

B = hi/fe, (5.4)

using the rule that a lens does not change the direction of a ray that passes through its centre.
Then, a sensible overall magnification of the microscope is given as
Ié] h; D D h; D

a fexho o-'+ey € fe fexhl

(5.5)

Here M, is the eyepiece magnification, defined analagous to the overall magnification. Since
real compound microscopes have focal lengths f, and f. much shorter than the tube length L,
we may make the approximation v ~ L > f,. Then, using equation p.1|, we have u ~ f,,
and thus we may formulate the objective magnification as

M, = L/f, (5.6)
and therefore the overall magnification is

M = MoMe - (LD)/(fofe) (57)

The Astronomical Telescope

The next example is an astronomical telescope, shown in figure @ The astronomical telescope
is used to image distant objects e. g. stars or planets, which, since they are so far away, we
simply assume that the light from them is a parallel bundle of ray that comes from the same
angle. This is formed with an objective lens with a focal length f, and an eyepiece lens with a
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Ray-Transfer Matrices

focal length f, that are f,+ f. apart, and the image is formed at a distance f, from the objective
and f, from the eyepiece. Again we do not mask out any light so the aperture stop is simply the
objective lens. Noting that the rays leaving the system in an astronomical telescope is also a
parallel bundle, similar to the case of a compound microscope, giving an angular magnification

M = Bla = fo/fe, (5.8)

where the final equality stated uses the geometry of similar triangles. We can also match the
exit pupil with the lens of the eye, however in practice we would like to look into the camera
right next to the eyepiece lens. To do this, we would need to modify the setup by adding a field
lens, placed at exactly where the image forms, such that the chief ray crosses the principal axis
at exactly the position of the eyepiece, i. e. we select the field lens to have a focal length f;

where . . .
f_f = ﬁ -+ ﬁ (5.9)

by the lens maker’s equation.

Summary

1. To avoid aberrations associated with the thin lens, we block some of the light. This block
can limit the light going through the system, and the cross-section where the amount of
light is most limited is called the aperture stop. When we do ray-tracing for complicated
systems, we usually only focus on the chief ray and the marginal ray.

2. The compound microscope magnifies a small object. The exit pupil is the cross-section
of the bundle of light rays where the chief ray crosses the principal axis. We may define
the magnifications

 objective magnification M, = h;/h, = v/u = L/ f,;
« eyepiece magnification M, = D/ fe;

o overall magnification M = M,M, = (LD)/(fofe)-

3. The astronomical telescope magnifies light from a distant objects where the light rays are
parallel. The angular magnification is defined as M = [/a = f,/f.. To place the exit
pupil right next to the eyepiece lens, we need to add a field lens at the position of the
image.

§6. Ray-Transfer Matrices

Ray-Vectors and Ray-Transfer Matrices

We now develop a formalism where we can ray-trace more algebraically under paraxial ap-
proximation. Note that a light ray is a straight line, and therefore any point on a ray can be
parametrised by two parameters, the distance away from the principal axis x and the angle
between the ray and the principle axis #. These two parameters naturally forms a vector, called

a ray-vector
x
() 61
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Figure 6.1: A repeat of figure El!: a parallel bundle of rays incident obliquely on a thin lens.

To describe how the ray evolves along the principal axis, we use matrices. As an example,
propagation of a ray with a ray-vector (x1,6,) by a distance d along the principal axis gives
f unchanged, and the distance of the ray away from the principal axis xo = x; + df#;. This

leads to
T2\ n _ 1 d
() =5 (5) 5= (Y, 62

where Sy is the ray-transfer matrix of light propagation through distance d.

Ray-Transfer Matrix of a Thin lens

We now derivethe ray-transfer matrix of propagation through a thin lens. The first observation
would be that the ray will have the distance away from the principal axis x unchanged after
going through the thin lens, and therefore we only need to care about the angle. An on-axis
ray satisfies the lens maker’s equation

1 1 1

4 = = 6.3
u + v f’ (63)
which forms a good starting point for our analysis. A ray with ray-vector (z, 91)T before passing
through the lens and (z,6,)" after passing through the lens has v = x/0; and v = —z/6,

(note that the ray points towards the principal axis after focussed by the lens which gives a
negative ), and therefore the lens maker’s equation becomes

o, 0, 1 !
;—;—? = 92—91 ?XZIJ, (64)

which means that a lens with a focal length has a ray transfer matrix

S, — (_f/f (1)) (6.5)
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Equipped with this technology we can ray-trace algebraically through a system of lenses with
different focal lengths separated at different distances. For example, a ray with ray vector
(, 91)T at a distance dy from a lens with a focal length f5, passing through a lens with a focal
length f; separated from the first lens by d;, then travelling through a distance dy, has an

exiting ray vector
(zj) = Sdosflsd1sfzsd2 (g;) : (66)

As we can see, this formalism takes care of all the rays — not just a number of special rays —
which means that it forms a more powerful method than the previous rules, which only deals
with very special rays propagating through a lens.

To give a concrete example of the usage of this formalism, let us try to show that a paral-
lel bundle of rays passing through a lens at an angle ¢ will be focused at a distance f on the
other side, illustrated by ﬁgure@ (which is a copy of figure @, where this problem is first
encountered). The input ray-vector is given by (z, i)T with any arbitrary z, and this is trav-
elled through a lens with focal length f, and then propagated through a distance f along the
principal axis. This means that the output vector can be calculated using

o )iy D) -2 (67)

Indeed,the rays meets at a distance i f away from the principal axis but with different exiting
angles. We note that this suggests that bundles of light that are incident at different angles
will be focussed at different distances from the principle axis, and sometimes this phenomena
is referred to as “a thin lens changes angles to distances”.

Summary

1. A light ray can be described by a ray-vector (z, H)T, and the light ray passing through
different optical elements can be described by ray-transfer matrices. The ray-transfer
matrix for a light ray propagating through a distance d along the principal axis is given

. o _(1d
= (O 1). (6.8)

2. The ray-transfer matrix of a thin lens is

so= (L 9): (69

and light travelling through many lenses can be described by an initial ray-vector acted
on the product of many ray-transfer matrices, which is applicable to any light ray.
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2 BUILDING A SCALAR THEORY OF LIGHT

§7. Maxwell’s Equations and the Wave Equation of light

Previously we have seen what we can do by just treating light as “rays”, but in fact light

are waves, and geometric optics cannot describe light travelling through very small apertures,
where the image is very limited by the diffractive aspects of light as a wave. To solve these
problems, we need a proper treatment of what light is, which means back to the drawing board
and look into Maxwell’s equations.

Maxwell’s Equations and the Wave Equation for Light in Linear Materials
In linear materials with no free charges or currents, Maxwell’s equations read

(GauB) divD = 0; (7.1)
divB = 0; (7.2)
(Faraday) curl E = —0,B; (7.3)
(Ampere) curlH = 0,D. (7.4)
Using the above Maxwell’s equations, and the relations in linear materials
D = gp¢,E; .
B = popH, (7.6)
we have
curlcurl E = —0,curl B = — o0, curlH = — o, 07D = —popiroerOLE. (7.7)
However, we also have, using vector identities and Gaufl’s Law
curlcurl E = graddivE — AE = —AE, (7.8)

where A is the Laplacian with respect to the three dimensions of space. Equating equations
and [7.8, we obtain the wave equation

1 1 1/y/
(A——zc‘),?)E =0, v= _ Uvims e (7.9)
v \/,Uour€0€r \ MrEr n

for light in a linear material.

From a Wave Equation to a Helmholtz Equation

To solve the wave equation, one approach is to separate the time components out of the equation
to achieve a Helmholtz equation, which is dependent on space purely. The ansatz that separates
the time part out in this case is

E = Ege ™ w = 2n/f, (7.10)

where Eg,, or the spatial part of the electric field, is a function dependent on time only, and f is
the frequency of the light. Substituting this into the wave equation gives a Helmholtz equation

w? W w n 27
(A—i—ﬁ)Espe b= 0 = (A+k2)Esp - 07 k= ; = 27Tf>< Z - 77 (711)
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Plane Wave Solutions

where A is the wavelength of the light. Note that since the frequency of light is invariant in a
linear material, the wavelength of the light in a linear material is A = ¢/(nf) = \g/n, where
Ao is the wavelength of light in a vacuum.

The Wave Vector and the Wavenumber

We note that in the Helmholtz equation we have got an expression for the wavenumber £,
which is the modulus of the wave vector. We shall see that, in special solutions such as the
plane wave solutions, the wave vector k points at the direction of propagation of the wave. We
are also able to define the wavenumber in a vacuum ky satisfying kg = 27t/ Ao, which gives rise
to the relation between k and kg as

271 21n
o= 20 2 12
X\ N o (7.12)

We note that it is also very common to define
vo=1/A (7.13)

as our wavenumber, and therefore in any literature in optics, when the term “wavenumber”
appears, we will need to take a closer look for

o whether it is referring to & = 2m/Aor v = 1/A,

o and whether it is defined using the wavelength in a vacuum or the wavelength in the
linear medium.

In this set of notes, as we are looking through many different fields of optics, we shall refer
“wavenumber” to k and v interchangeably, following the most common object to use in each
field of optics that we look into.

Summary

1. By manipulating the Maxwell’s equations, we can derive the wave equation for the electric
field, with wavespeed v = c¢/n.

2. By separating the time component, we can find a Helmholtz equation for the spatial part
of the electric field

(A+K)E,, = 0. (7.14)
3. k in the Helmholtz equation is the wavenumber £ = 27m/\, the modulus of the wave
vector k. Sometimes we also define the wavenumber as v = 1/\.

§8. Plane Wave Solutions

Equivalence Between Light and Matter Waves

Before solving the Helmholtz equation, we shall demonstrate that the approach that we have
taken is applicable to a wide range of waves, not only just light waves. One such example
is matter waves, whose time-independent part propagates through space following the time-
independent Schrodinger equation

<%+V) ) = Elp) = {A+—2m(€ﬂ_ qu
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n, n, n,
>
EM waves in different media
Vl Vl
V2

matter waves 1n a potential well

Figure 8.1: Correspondence between an electromagnetic wave travelling through media with
different refractive indices and matter waves scattered through potential wells with different
depths.

where the wavefunction ¢» = (x|¢)), and p is the momentum operator with
(x|p[¢) = —ihgrady. (8.2)
This is a Helmholtz equation
(A+E)yp =0 (8.3)
with wavenumber k, where
Pk* = 2m(E - V). (8.4)
Since matter waves have momentum Ak, we note that h*k?/(2m) = (E — V) is therefore the

kinetic energy of the particle. When one solves for solutions of matter waves, one often looks
for the waves as scattering states of a potential well, which has a correspondence with elec-
tromagnetic waves in different_media. One of the examples of such correspondence would be
the setup illustrated in figure @ The solutions for E,, the electric field perpendicular to the
direction of wave propagation in the three regions, follows analagous mathematical patterns as
that of v, the wavefunction, since the boundary conditions of the equations at the boundaries
of media and the potential well must be matched for both F, and .

Plane Waves

Now we are motivated that the Helmholtz equation is valid for not just electromagnetic radi-
ation, we can formulate such an object called scalar amplitude, denoted by wu (it looks like
most literature tend to choose their own symbol for the scalar amplitude, where anther popular
candidate of this choice is ¢ or ¥), and it stands for whatever object we plug into the Helmholtz
equation. For example, it could be v, Fy, H., or other innovative objects. This means that the
main equation to tackle would be

(A+E)u = 0. (8.5)
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The simplest way to solve this would be in Cartesian coordinates, in which
A = 072 +0;+ 072, (8.6)
which gives the plane wave solution as
u = upe'®T, (8.7)

and k is exactly the wave vector we have talked about, with |k| = k. However, we note that
k can be pointing to any direction, and any of these forms a solution to the wave equation.
Adding on the previously separated time dependence, we have

u = ugeldr=h, (8.8)

Note that, either when r changes at a fixed time (i. e. with ¢ fixed), or when t changes at a
fixed position (i. e. with r fixed), the value k - r — wt changes. We usually denote k - r — wt as
the phase of the wave, and wavefronts as the surfaces for which light has a constant phase,
i. e. the planes for which

d
E(k ‘r—wt) = 0. (8.9)
For special solutions with k along the z-direction, we have kdz/dt = w, i. e.
z = %t + constant = w,t + constant (8.10)
where v, = w/k is the phase velocity of the light. Since the expression of z does not have

any spatial dependence, we note that wavefronts, in this case, would be planes perpendicular
to the wave vector k, which is always the case for linear materials.

Summary

1. Light waves and matter waves satisfy exactly the same Helmholtz equation, and therefore
their solutions are mathematically analagous.

2. We therefore denote the object that satisfies the Helmholtz equation as u, the scalar am-
plitude, and solve for u. The solution of the Helmholtz equation in Cartesian coordinates
are plane wave solutions, with wavefronts, the planes of constant phase, perpendicular to
the wave vector k.

§9. Intensity

Field Direction

We have already built a scalar theory of light, yet it is probably too early to call it a day. This
is because E is a vector and u is a scalar, therefore for E to satisfy the Helmholtz equation, we
have to solve for each of the three components of E. However, are there any limitations upon
the three electric field components? To resolve this, we shall send the plane wave solutions
back into Maxwell’s equations, which we have

divD =0 = ik-D =0 (9.1)
divB =0 = ik-B=0 (9.2)
culE = —-9B = ikAE = wB; (9.3)
curlH = 9D = ikAH = —iwD. (9.4)
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Since in an isotropic material, we have E and D parallel and H and B parallel, from the above
equations we can deduce that

ELlk HL1Lk ELH (9.5)

As a result, electromagnetic waves are transverse, for which we shall delay the consequences of
that all the way till the polarisation part at the very end of this set of notes. Now we can keep
this caveat in mind so we know what we are doing when we are investigating into the scalar
theory of light — for all practical applications of scalar wave theory this additional property
can be disregarded.

Energy Density
The energy density of an electromagnetic wave is

1
Pem = §(E-D+B-H). (9.6)
The electric components and the magnetic components are exactly the same in a vacuum, which

means that in a vacuum we have

Pem = E-D. (97)

Previously we have suggested that the temporal part of E and D are fast oscillations shaped
as e? and hence taking the real part, we have
pem = Egp - Dy, cos® (wt). (9.8)

Since we have the average of the fast time oscillation

1
2 _
(cos® (wt)), = 3 (9.9)
we have the time average of the energy density of the electromagnetic wave as
1 1 9
<pem>t = §Esp : Dsp = §€0Esp . (910)

From this we can work out the intensity of light.

Intensity and Irradiance
The intensity of light is defined as the energy per unit area per unit time. Therefore

dist
| energy _ energy o 1s‘ ance _ <pem>t o« c (9'11)
area X time volume time n

where ¢/n is the velocity of the light. An alternative definition of the intensity of light using
the Poynting vector is
S=EAH, (9.12)

which is a vector parallel to the wave vector k in isotropic media. The intensity is then given
by

I = (8]}, = (EAH]),. (9.13)
To show the equivalence of the two definitions of the intensity, we can consider this in a vacuum
(i. e.m = 1), which gives

| 1 1 % 1
((EAH]), = §|Esp/\Hsp\ - Z_Z()Espz = 5\/%Esp2 = 5050]53sp2 = (pem)y X ¢, (9.14)
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equivalent to the intensity defined using pey,.

Note that there is an analagous definition of the intensity called the irradiance. The dif-
ference between the two is that the intensity is the energy per unit time per unit area of the
light and the irradiance is the energy per unit time per unit area of the detector. This means
that, if the detector is placed at an oblique angle at the beam, then we have the irradiance of
the light smaller than the intensity of the light, since the area of the detector must be larger
than the cross-sectional area of the light.

When we have a wave represented by a scalar amplitude u, which is usually representative
of the spatial part of the electric field strength Fg,, we have the intensity I proportional to u?.
If we are using the complex notation, then this u? will become u*u, where u* is the complex
conjugate of u. Since practically one can only detect the relative intensity in different parts of
space (as almost all optical equipments absorbs some of the light, it is practically impossible
to track through the total amount of light through the optical system), it is common to omit
the constant dimensional factors that make up I, and just write

I = u'u, (9.15)
which we will use in this course.

Summary
1. Light in an isotropic linear material is transverse, with E 1 k., H 1 k,and E | H.

2. The energy density of the light is given as

1
pon = 5(E-D+B-H). (9.16)

In a vacuum, the time averaged energy density is given as

1

<pem>t = 550Esp2- (917)

3. The intensity is the energy per unit area per unit time of the light, with two equivalent
expressions

1= {pem) x — = (IS (9.18)

where S is the Poynting vector
S = EAH. (9.19)

If we are using scalar amplitudes, then we have

I = vu. (9.20)

§10. Spherical Wave Solutions

Spherical Wave Solutions to the Helmholtz Equation
We note that the Helmholtz equation

(A+E)u =0 (10.1)
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is linear. This means that although we have solved the equation by finding the eigenfunction of
the Laplacian A in Cartesian coordinates, a superposition of these eigenfunctions must also be
a solution to the Helmholtz equation, yet it is no longer an eigenfunction of the Laplacian un-
der Cartesian coordinates. For a superposition of eigenfunctions, although we have wavefronts
perpendicular to k, we do allow k to have spatial dependence, and therefore the wavefronts are
no longer planes.

Although all of these superposition solutions can be found by superposing plane wave solu-
tions, some of them can be found using other methods. One particular method would be to
find the eigenfunctions of the Laplacian A in other coordinate systems. As an example, spheri-
cal waves solutions naturally emerges as an eigenfunction of the Laplacian A in spherical polar
coordinates. By symmetry, spherical waves should have an “source” where the wavefronts prop-
agates from, and since the material that it travels in is assumed to be isotropic in the current
discussion, it is reasonable to assume that the scalar wave u should not dependent on the an-
gular variables, i. e. it should only be dependent on the radial coordinate r. This suggests that
we can write the Laplacian as just the part associated with r, i. e.

A = %aﬁar. (10.2)
Therefore the Helmholtz equation now reads
(%arﬁar + k2>u = 0. (10.3)
The solutions then read, with the temporal part added back in,
u = %ei(ikr_wt), (10.4)

corresponding to waves moving away and towards from the source corresponding to + and —
signs on the exponent. The wave vector k = ke, (where e, is the unit vector along the ra-
dial direction) is now along the radial direction, and is perpendicular to the spherical wavefronts.

We shall also note that equation is also a solution to the Helmholtz equation in cylin-

drical polar coordinates, with
1

A = ;&27’. (10.5)
However note that although mathematically they are the same form, physically the wavefronts
are in fact different, as in spherical polar coordinates r = /2% + y? + 22, but in cylindrical
polar coordinates r = +/x? + y2. This means that instead of spherical wavefronts, eigenfunc-
tions of the Laplacian A in cylindrical coordinates have cylindrical wavefronts. Again, the wave
vector k = ke, (note that now e, is different to the previous e, in spherical polar coordinates)
is perpendicular to these cylindrical wavefronts.

Superposition and Interference

Previously we have suggested that the superposition of two solutions to the wave equation also
forms a solution, and let us try to find some of these. Suppose that we have two sources located
at A and B, each emitting dissipating spherical waves, then we can write

uy = uﬂei(kr—wt); (10.6)
r

ug = uo_Bei(k:r—wt—i-d)’ (107)
r
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where 0 accounts for the phase difference of the two emitters. Then, at a third point P that is
at a distance a from point A and a distance b from point B, the scalar wave at P is given as

Uup = uaAei‘;A + UbBei(sB, (108)

where u,a = wuga/a, upp = upp/b, and the phases d4 and dp accounts for both the phase
caused by the source and the phase that is accumulated as the wave travels from points A and
B to point P. The intensity is therefore

I = uga uga + ups ups + 2Re [ugaupps’] cos (0p — 0.4)

10.9
= Is+ Ig + 2Re [ugaups’] cos (dp — d4), (10.9)

where I, = ug.su,a and Ig = wupg'upp are the intensity of the sources located at A and
B respectively, and the final term 2Re [ug,aupgT] cos (6, — 0,) that deviates from I4 + Ip gives
rise to the effect of interference, which is the main effect we shall be looking into in the next
section of the course.

Summary

1. We can find solutions to the Helmholtz equation by finding eigenfunctions of the Laplacian
A in other coordinate systems. When this is done in spherical polar coordinates, the
solutions are w

u = ?Oe“i’““*wf). (10.10)

These solutions have spherical wavefronts. The solutions that arises by this method
applied to cylindrical polar coordinates have the same mathematical form, but with a
different definition of r, which gives rise to cylindrical wavefronts.

2. We can find solutions to the Helmholtz equation by superposing known eigenfunctions.
The total intensity will in general deviate from the sum of the individual intensities, which
is the effect of interference.
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3 THEORY OF INTERFERENCE

§11. Basic Two-Source Interference

Previously we have built the theory based on the scalar amplitude u from Maxwell’s equations,
now its time to unleash the full power of the theory that we have developed. In this section of
the notes we shall investigate the interference effects associated with different geometric setups,
and build a theory that analyses these effects systematically.

Arbitrariness of Overall Phase

We shall first note that the only detectable physical identity for any light ray would is intensity
of the ray. Hence, if the scalar amplitude of light at one certain point is given as ue®®, then the
intensity of light is given as

I = vw'eue® = wu'u, (11.1)

where the overall phase vanishes. Therefore in optics it is common to ignore an overall phase
of the scalar amplitude. However we shall take special notice that, if the scalar amplitude is
a superposition of multiple contributions, each carrying a phase different to one another, then
the relative phases between these contributions must not be ignored, as these exactly give rise
to the interference effect.

Two-Slit Interference

We shall now move back to the problem of interference of two sources. We shall now align
the two sources along the x-axis with a separation d with the principal axis running along the
y-axis, which, if the two sources emit light with the same frequency and the same phase, would
form the two-slit_interference problem, which is exactly what we shall try to analyse. This is
shown in figure [L1.1. To analyse this problem, we consider light that exits the system at a fixed
angle #. We note that, from the geometrical setup, there is a path difference d sin 6 between the
two sources, which gives rise to a phase difference § = kdsinf between the two slits, where k
is the wavenumber. Therefore the exiting scalar amplitude is

. . , 0
Uows = Uo+upe® = overall phase X u (e“;/ 24 e/ 2) = overall phase X 2ug cos (5) (11.2)

This gives the exiting intensity as

) kdsin @ dsin 0
Iy = Ipcos? (§> = IOCOS2< 52111 ) = I cos? (ﬂ i\m ), (11.3)

where Iy = 4ug‘ug, the maximum intensity. Note that when J is an integer multiple of 27t
(which in general corresponds to the optical path length between the two sources corresponds
to an integer multiple of the wavelength in vacuum Ay), we have maximum intensity output,
which is a condition that we refer to as constructive interference. When ¢ is 7t away from
an integer multiple of 27t (or that the optical path length between the two sources corresponds
to Ag/2 away from an integer multiple of the wavelength in vacuum \g), then we have minimum
intensity output, which is a condition that we refer to as destructive interference.

Summation and Integration of Phasors

We may think of u as a vector on the complex plane, which allows us to add up complex num-
bers geometrically. The vectors formed by these complex numbers are called phasors. Since
the overall phase is arbitrary, it is common to assign uy with no phase, leading to a vector
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Figure 11.1: The two-slit interference problem.

along the real axis, with uge’_as a vector with modulus ug but at an angle ¢ from the real
axis. This is shown in figure . From the phasor diagram, simply by exploiting the geometry
of the relation between interior and exterior angles of an isosceles triangle and trigonometric
relationships, we can read off the overall phasor to have a magnitude 2|ug|cos? (§/2), which

immediately gives
5\1? 5
Iy = {2|u0| cos? (5)} = Iycos’ (5) (11.4)

We note that this approach is can be generalised to an interference problem between any finite
number of light sources. However if we are faced with an extended source that is not divided
into a finite number of slits, the scenario can be more tricky. Algebraically, this can be done
by integrating the scalar amplitude. Geometrically, the method to use in that case would be
to artificially sub-divide the plane into an infinite number of slits, each with an infinitesimally
small slit size, and equipped with a different phase. Since the slit size is infinitesimal, the length
of the phasors corresponding to each artificially sub-divided slit will also be infinitesimal. This
means that an integration of scalar amplitudes is geometrically identical to drawing a contin-
uous curve on the complex plane, where adding the contribution from each sub-divided slit is
equivalent to extending the curve on the complex plane infinitesimally along the direction of
the phase of light coming out of that the sub-divided slit. which we shall see examples of this
later on.

Summary

1. The overall phase of a scalar amplitude u is arbitrary and undetectable, however the
relative phases between the different contributions to the output amplitude is important.
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Figure 11.2: The phasor representation of the two-slit interference problem.

2. The scalar amplitude and intensity of two slits separated by a distance d is given as

)

Uyt = 2Ug COS (§>, (11.5)
o [0

It = Ijcos 3) (11.6)

where Iy = 4ugug, and § = (kdsinf)/2 = (ndsinf)/\.

3. It is possible to represent scalar amplitudes as vectors called phasors on the complex
plane, where summation of scalar amplitudes is geometrically identical to vector addition.
Integration over scalar amplitudes is geometrically identical to drawing continuous curves
on the complex plane.

§12. Fresnel-Kirchhoff Integral

Huygens’ Principle

Now let us think about how light propagates, concentrating on the effects of superposition and
interference. We shall first consider most general problem, then consider its special cases. The
most general problem one can formulate is to find the scalar amplitude at a point R given that
we know the scalar amplitude of light on a source plane S, which could be planar or curved,
illustrated in figure . Doing this using Maxwell’s equations requires us to consider super-
posing solutions that needs to be chosen very carefully, which is practically very difficult to do.

As a result, from here on we shall steer away from Maxwell’s equation and choose another
more convenient and more historical starting point, called Huygens’ Principle. This ap-
proach is purely based on the analysing the system using physical intuition, which contains
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Figure 12.1: Finding the scalar amplitude at position R that originates as superposing waves
that comes from a plane S.

statements that, in hindsight, does not match the elements of our current understanding using
Maxwell’s equations, however analysing it this way does give results that matches the exper-
iment and the predictions of the more complete theory based on the analysis of Maxwell’s
equations. However, the mathematics used in this theory is somewhat simpler, and therefore
it is still very useful to learn this method.

The statement of Huygens is that every point on a wavefront can be considered as an emitter
of spherical waves — a theory that is clearly incorrect, as according to the theory of electro-
magnetism, waves travel themselves and do not need to be re-emitted. However for reasons
stated above, let us stick with it. Let us assume that the point on the source plane S have
position vectors r, and is equipped with scalar amplitudes u(r). Using Huygens’ principle, let
us integrate these spherical waves whose form are given by equation [10.4, which gives

u(R) = //S% x efR=rl qq, (12.1)

where e*®-1l i5 the phase accumulated when the spherical waves travels from r to R.

Fresnel-Kirchhoff Integral

However, we shall note that our current theory does not take into account that waves only
travels forwards and not backwards: if we consider the wave that moves from S to R as a plane
wave which originates in the source plane S, then clearly the scalar amplitude of the point
behind the source plane S should clearly be 0, as all light is travelling forwards and no light is
hitting the point in behind. If we assume waves to be spherical, then this cannot be accounted
for. To correct for that, we add an obliquity factor 7(6;,6,), where ; and 6, are defined in
figure [12.2, where we assume that the light is travelling from behind the source plane. This
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Figure 12.2: The definitions of #; and 6, in the obliquity factor 7(6;,6,).

0o) kRt
= ! r 12.2
1)\// ]R—r\ X e da, (12.2)

gives

the Fresnel-Kirchhoff integral. Note that it is conventional to add a 1/(i\) factor in front —
since the detectable quantities are all relative, an addition of a constant factor will not change
the physics. The addition of this factor is to accommodate for the fact that a collimated beam
of light should not change its intensity as it is propagating through free space, which some
justification will be given in §[15.

A common choice for the obliquity factor is given as

1
n(0;,0,) = i(COS 0; + cosb,). (12.3)

Simply verifying the extreme cases, we have
e 17(0,0) = 1: all light passes through if we are looking along the direction of light travel;

e 7(0,71) = 0: there are no light through if we are looking back towards where light comes
from,

which achieves the goal that we have originally set for the obliquity factor, and hence it is a
good choice.

Summary

1. Huygens’ principle states that we are able to view each point on the wavefront as an
emitter for spherical waves.
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Figure 13.1: The optical setup where the image is formed at a very long distance away from
the source plane.

2. The Fresnel-Kirchhoff integral reads

9170 ) ik|R—r|
- kR—r| g 12.4
i // |R x| ©° @ (124)

where the obliquity factor n(6;,0,) is

1
n(0;,0,) = E(cos 0; + cosb,). (12.5)

§13. Fresnel Number

Far-Field Limit

We shall note that most of the optical setups that we will be looking into would have the image
formed at a very long distance away from the source plane compared to the off-axis distance
from the image. Such a setup is shown in figure with D > Aux. Therefore we would like
to modify the Fresnel-Kirchhoff integral, equation , so that it is suited for this situation.
The main objects in equation [13.1| that we are able to simplify for this scenario are as follows.

o We assume that the light is mostly propagated through the principal axis, and therefore
we take the obliquity factor to be 1.

o We exploit the relation D > Az, so that we can write

R—r| = \/D?+ (Az)> = D+ (13.1)
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We shall further note that. if we set a zero point for z, then the Fresnel-Kirchhoff integral is
over x, defined in figure [13.1] with xy fixed. This means that utilising Ax = zz — x,, we can
take equation [13.1] apart further, which then gives four terms in the expansion

2 2
TR TRy Ty
R—1| = D+ .
R -z 20" D T2

(13.2)

When this is exponentiated to give a phase, the first two terms contributes to an overall phase
since it is not dependent on x,, and therefore can be ignored; the third term is linear on x,,
and the fourth term is quadratic on z,.. We shall then look at the consequences of this expansion.

Fresnel Number

If we only shine light through a very small area of S with a diameter a, then the integration
limits of x, are 0 and a, and therefore the maximum phase difference accumulated from the
source plane to the image is

kxgpa k@ kxga a

AS = — +nF, F = — (13.3)

D Top = D

after removing the overall phase. F' is called the Fresnel number, and depending on the value
of F we can classify our problem into three different categories.

o If F <« 1, then the phase shift with respect to x, is linear on z,, which we call the
Fraunhofer condition, which field of optics is called the far field regime.

o« If F = 1, then we are in the near field regime, which means that the quadratic term
is able to change the phase by ~ 7 i. e. shift the interference fringes from constructive
to destructive.

o If FF > 1, then the slit is simply too large for any interference effects to be observed —
we have geometric optics, and what we see is just the shadow of the area.

We shall then move on to briefly look at the near field effects, and then move onto the far field
effects, which we will spend a lot of time on, as they are applicable to practically any optical
system in optics experiments.

Summary

1. We are usually interested in the far field, which we may assume by expanding the distance
|R — r| via a binomial expansion assuming D > Ax.

2. Whether we have near field or far field effects is determined by the Fresnel number
F = a*/(AD), where when F' < 1 we have the far field regime, when F' ~ 1 we have
the near field regime, and when F' > 1 we have geometric optics. The criterion for the
far field regime is called the Fraunhofer condition, which suggests that if we are in the
far field, then the phase accumulated is linear on the integration constant .

§14. Talbot-Lau Effect

Talbot-Lau effect describes the near-field interference effect of a parallel bundle of light through
a diffractive mask containing a large number of very thin slits, where these slits are equally
spaced with spacing d, which is an optical device called a transmission grating. This is
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Figure 14.1: The setup that investigates the near-field effects of interference through a trans-
mission grating, or the Talbot-Lau effect.

illustrated in figure m, where we set the distance from the grating to the point in question
along the principal axis as D. We then set the point we are interested in to point directly at a
slit which we refer to as the 0% slit, and set the transverse distance of that point to any other
slits as Az therefore the m'" slit will have Az = md. Then, according to equation ﬁ, the
phase of the wave caused by the m' slit from slit 0 is given by

Az)? Ar)® 242
5m:k( x) :7(( x) :7'tmd7 (14.1)
2D AD AD

neglecting the overall phase. Therefore, the phase difference of the (m + 1)™ slit and the m®™

slit is given by, using equation ,

md?
mtl — Om = —— 1). 14.

Now let us select the point in question to be in the middle of two slits, such that the distance
Az to the m™ slit is Az = (m + %)d, which then leads to

1\2 12 2

— n(m;% = St — Om = %(2m+ 2). (14.3)
We note that interesting interference effects happens if we select D to be comparable to d?/(2))
corresponding to the Fresnel number FF' ~ 1: if D = d?/(2)), then we have the difference
in phases to be (2m + 1) x 2 and (2m + 2) x 27, which, since m is an integer, means that
we have light between consecutive slits in both of the two cases interfering constructively —
therefore we are effectively halving the grating spacing. If we then select D = 2p = 2d?/\,
we have the image identical to the grating, which is known as self-imaging. Selecting more
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Figure 14.2: Interference of a parallel bundle of rays through a transmission grating at different
values of D. The crosses represents points where light interferes constructively.

different values of D leads to more interesting effects, which, a selection of them is shown in
figure 14.5.

Summary

1. The Talbot-Lau effect describes the interference between light sources that emerges out
of a transmission grating in the near field. At a distance zp = 2d*/\ away from the
grating we have the effect of self-imaging, where the image is exactly identical as the
grating. At a distance xr/4 the image is the grating itself, but with the slit separation
halved.

§15. Wave Propagation

Propagation of Light Rays Through Space

Now we shall give a brief account of how Huygens’ principle and the Fresnel-Kirchhoff integral
describes the rays travelling through space. Let us consider a plane wave hitting a surface S
which then propagates to the point P, which we place on the principal axis, shown by figure
. The off-axis rays travel further than the on-axis rays by an extra distance

V24 p?2—z = p?/(22). (15.1)

Therefore, to find the maxima and minima, we equate the phase shift to an integer multiple p
of 7, and hence we write

2
T
Pg/\ =pn = p, = \V/pAz, (15.2)
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Figure 15.1: A plane wave travelling towards a point P.

which will be handy later. Substituting equation m this into the Fresnel-Kirchhoff integral,
equation , with obliquity factor unity then gives

27t

up(z) = Hk?/(22) 5 Tpdp. (15.3)

Uo
= - X —
0 1 /22 + )02
The best method of doing this integral is to break the integration into an infinite number of
annuli, where each annulus has boundaries p, and p,+1, and assume that in the section of the

integration where p,_1 < p < p, we are allowed to approximate p = p, = pAz. Then, the
integral with a lower bound p, gives

_ Uo? [ ikp2/<22>rp
Up,(2) = ————|e . 154
PJJ( ) \/m oot ( )

Note that since the square bracket contains the complex exponential where the phase is an
integer multiple of 7, the exponential itself is +1, and therefore

Uz

22+ pAz

where the first term denotes a decreasing amplitude of the wave as p increases, and the final
part of the equation represents an alternating phase for the corresponding annulus. Therefore,

upy(z) = x 2 x (=1)PT (15.5)

up(z) = ZUP’Z,(Z) = U, (15.6)

and therefore the light propagates straight through with the intensity unchanged, agreeing with
the plane wave solution of the Helmholtz equation.
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Phasor Representation of Light Propagation

We shall note that now since we are summing over the annuli from the centre of the light to the
edge, each annulus will give a phasor that is pointing along the imaginary axis, but as we are
going off from the centre to the edge, the length of the phasor will decrease and the direction
of the phasor will alternate. Or, we can think about each annulus as a resultant of phasors
that originates from integrating continuously over the annuli with an ever-increasing phase,
and therefore forms semi-circles on the complex plane. An illustration of this is shown in figure
. Adding all these phasors together eventually gives us the scalar amplitude of the input
wave.

We shall note that, by giving all the annuli which leads to the phasor pointing towards the
origin a 7t phase change by, for example, directing the wavefront into a piece of glass with the
annuli that requires a phase change travelling through a thicker layer of glass, we may signif-
icantly extend the length of the resultant phasor, as there will no longer be any phasors that
reduces the length of the resultant phasor. This apparatus is called the Fresnel lens, which
focuses all the light onto the principal axis. However the advantage of this lens is focussing,
not imaging — the aberrations of the Fresnel lens is much larger than a convex lens for off-axis
rays. As a result, such a device is usually used in lighthouses, such that light is perfectly focused
onto a sharp beam. A more advanced technique is to introduce curved surfaces on the glass
plate, which leads to straightening-out of the semi-spheres in figure , giving an even larger
resultant scalar amplitude.

Poisson v Fresnel, 1818

Now let us consider a propagating plane wave and mask out the centre of the wave. This is
equivalent to removing the outermost circle in the phasor diagram in figure , and still gives
rise to a non-negligible overall scalar amplitude. As a result, the Fresnel-Kirchhoff theory pre-
dicts a bright spot can be observed right behind the mask in the near-field, although intuitively
no light should arrive there at all. Poisson was supportive of the theory of light as particles, and
he used this argument to show how ridiculous the wave theory of light, proposed by Fresnel,
was. However, Arago verified the existence of the spot experimentally which was supportive
of the wave theory of light, even though this phenomena was anti-intuitive. Nevertheless, the
spot is now called the Poisson spot.

Summary

1. We artificially sub-divide the wavefront into rings, with the boundary of the rings match-
ing the surfaces of constructive and destructive interference. Summing over these rings,
we find that the scalar amplitude is invariant as the wave propagates.

2. We can introduce a 7 phase shift to alternate rings, which then leads to a larger scalar
amplitude of the output, which is the underlying principle of a Fresnel Lens.

3. If we mask out the centre of the wavefront, then this leads to a bright spot in the near-field
just behind the spot, called the Poisson spot.

§16. Fraunhofer Integral

We now look at the far-field regime, which we shall recall, is the case where the Fresnel number
F = a*/(A\D) to be far less than unity, where D is the distance from the diffracting mask
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Figure 15.2: The phasor diagram of wave propagation.

to the screen, and a is be the size of the aperture. Recall that this limitation on the Fresnel
number is equivalent to the condition that the phase shift on the screen to be a linear function
of the distance travelled in the plane of the diffracting mask. These limitations are given the
name Fraunhofer condition or Fraunhofer (far-field) limit. To study this condition, we
shall investigate how the Fresnel-Kirchhoff integral, equation , simplifies. Recall that the
Fresnel-Kirchhoff integral reads

) ik|R—r|
- = // ’R_r‘ x R 4, (16.1)

The first modification is the fact that light travels mostly along the principal axis, and therefore
we set the obliquity factor n to unity. Then, let us set the coordinates on the plane of the

diffraction mask as r = (z,v, O)T and the coordinates on the plane of the screen as R =

(X,Y,Z)". Then, the Fresnel-Kirchhoff integral reads, neglecting the 1/(i\) factor at the front,
]. &0 o s 2 2 2

u(R) = 5/ dzx / dy uo(:c,y)elk\/(x’x) Y=y 27 (16.2)

Next we expand the square root, and the Fresnel number being small means that we only need
to expand to first order for both x and y. This gives

:/ dx/ dyuo(x,y)eik(l%\ﬂ%y), (16.3)

dropping an overall magnitude and phase ¢*®l/D. We also note that, strictly speaking, the
exponent of the above equation should be negative if we follow the mathematics, but since we
are always only detecting u*u, the sign of this phase is not detectable anyway, so we can select
this freely. Next, if we express X and Y using angles 6 and ¢, such that

= |R|sinf, Y = |R|siny, (16.4)

§16 Pg 33



Theory of Interference

then we end up with

ﬁwmaz%@%wwa/dmmwmwx/dmeM% (16.5)

—0o0 —00

given that it is able to separate ug(z,y) into a product u,(z) x u,(y). It is very common to
label the spatial frequencies

By = ksinf, [, = ksingp, (16.6)

which transforms the integral to

o0

U(Bs, By) = Ux(Bz) x Uy(By) = / dz ug (x)e* x /OO dyuy(y)ei'gyy, (16.7)

—00 —0o0

the Fraunhofer diffraction integral. This is effectively a Fourier transform

U(Bar By) = T [ua, ))(Bas By) = T [u(@))(B2) T [ul)) (By)s (16.8)

where

z@uam&>:§f”%f@m%? (16.9)

The Fourier transform is mathematically very easy to do, and we shall discuss the methods to
exploit this Mathematical convenience in §R20.

Summary

1. Modifying the Fresnel-Kirchhoff integral in the far-field (Fraunhofer) limit gives the
Fraunhofer diffraction integral

o0 oo

U(Bs, By) = Us(Be)Uy(By) = / d.:l:ux(x)ew” ></ dyuy(y)eiﬁyy, (16.10)

—0o0 —00

which is a Fourier transform
U(Be. By) = T [ulz,y))(Bes By) = T8 [u(@)](Be) x T [u@))(B,),  (16.11)

§17. Rectangular Aperture

u(z,y) for the Rectangular Aperture

We shall now look into some concrete examples of diffraction in the far-field. Omne of such
examples is the diffraction through a rectangular aperture with dimensions a x b. To do this,
we shall first write down u(zx,y), which we shall formulate as

u(z,y) = uptophat, (z) x tophat, (y), (17.1)

where we define
]-7 5 € (—d/Q,d/Q)

17.2
0, otherwise. ( )

tophat, (§) = {

It is rather clear that ugtophat, (x) describes a slit with width a along the z-direction with
a constant scalar amplitude ug across the slit, and as a result ug tophat, () x tophat, (y) de-
scribes a rectangular slit with dimensions a x b, which justifies equation [L7.1].
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Figure 17.1: The intensity of a rectangular slit at y = 0, under the limit sinf ~ 6.
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Figure 17.2: The contour plot of the 4*® root of the intensity of a rectangular slit, in the limit
that sinf = 0 and sin = . We take the 4*® root for better contrast of the contour plot.
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Carrying out the Fraunhofer Integral
Let us now carry out the Fraunhofer integral for the tophat function. This is given by

0 d/2
UBe) = /_ d¢ tophat, (£)ees = / d¢ ee¢ = dsinc <@), (17.3)

[e] _d/Q 2

where the sinc function is defined by

sinc ¢ = {1’ (=0 (17.4)

sin(/¢, otherwise.

Using the above result, the Fraunhofer integral of the rectangular aperture is

U(Bx, By) = upabsinc (%) sinc (%) (17.5)

and therefore the intensity distribution with respect to the spatial frequencies is given as
* .9 (@ .o (b
I(Bs, By) = U'U = Iysinc <§5z> sinc §5y , (17.6)

where [ is the maximum intensity of the distribution. If we just look along the z-direction
with y = 0, then we note that the intensity distribution is

I(8,) = Iysinc? (gﬁx) — Iysinc? (5“;"), (17.7)

where 0., 1 the the maximum phase difference between a selection of any of the two rays,
which is the phase difference between light at = = +a/2, i. e.

Omax = Pz = kasinf. (17.8)
Therefore, the location of minima is given by
2mp = kasinf, = sinfd, = 2np/(ka) = pA\/a, (17.9)

where p is a non-zero integer. Note that this is exactly the same as just equating the optical
path length difference the ray at the edge of the slit and the central ray to an integer number
of wavelengths

AOPL = asinf, = pA = sinf, = p)\/a, (17.10)

i. e. the condition that we are able to partition the slit into an even number of sub-divisions,
where each sub-division on the top half of the slit being able to find a sub-division on the
bottom half of the slit that interferes destructively with the corresponding sub-division on the
top (the argument for the location of minima of the single slit in any standard A-level course).

The intensity distribution of the single slit is shown in figure and the intensity distri-
bution of the rectangular slit is shown in figure [I7.2. There are two remarks for the shape of
the intensity distribution.

o The position of the minimum is closer up if the slit width is wider — this is representative
of a more general principle in diffraction: the closer-up the feature is on the diffraction
pattern, the larger the feature is on the diffraction mask. Therefore, if the - and @-axes
in figure [17.2 are scaled equally, then we can say that the slit has a < 0.

Pg 36 §17



Clircular Aperture

o The width of the diffraction pattern is usually defined as the full-width at half-maximum,
which, in this case, is approximately half the minimum-to-minimum width of the central
peak, or the maximum-to-minimum width for the central maximum. Therefore, the width
of the peak in 0 for the slice through y = 0 is given as

Af ~ arcsin (\/a). (17.11)

We shall take an extra note that usually optical apparatuses are circular — for example lenses
for telescopes and microscopes, which means that we need to take into account of extra correc-
tions caused by this. We shall take a look of this in the next section. After that, we shall look
at the phasor representation of the single slit diffraction problem.

Summary

1. The rectangular slit can be described as

u(z,y) = ugtophat, () x tophat, (y). (17.12)
2. After carrying out the Fraunhofer integral, we have the intensity pattern as
. o (a .o (b
I(Bs, By) = Ipsinc <§Bx> sinc Eﬁy , (17.13)
with minima located at sinf, = pA/a and width A ~ arcsin (\/a).

§18. Circular Aperture

Intensity Distribution of a Circular Aperture

The derivation of the intensity distribution of the circular aperture is not required for this
course, although the principle is the same as the rectangular aperture i. e. working out the
Fraunhofer integral. The only difference is that the integral can only be expressed with special
functions, which is an extra complication. Since this derivation contains no physical signifi-
cance, we shall quote the result without proof.

The intensity pattern for a circular aperture with radius Z is

2], (k%’sin&)r _ I x {2J1 (%5,)

2
7m0 5, } , B, = ksinb, (18.1)

1(0) = I x {

where, again, we are taking a slice through any radial axis. Here J;(§) is a Bessel function of
the first kind J,(§) with v = 1. Since Bessel functions of the first kind are oscillatory and
decaying for large &s, [Jy (#8,)/(%6,)]> and sinc? (af,) have roughly the same shape. Recall
that the Bessel function of the first kind with v = 1 have zeros

2 = 3.832, 7.016, 10.173, - - , (18.2)

which means that the first minimum is located at

2 A
kR sinf = 7” x g xsinf = 3.832 = 0 = arcsin(1.220—), (18.3)
a
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Figure 18.1: Comparison between the rectangular and circular slit diffraction patterns, under
the limit sinf ~ 6.

where a is the diameter of the slit. Again the full-width at half-maximum is approximately the
distance from the origin to the first minimum, and therefore the angular diameter is approxi-
mately

Af =~ arcsin (1.220\/a), (18.4)

very similar for the rectangular slit but with an addition of a constant. The two slit patterns
are illustrated in figure i
Phasor Representation of a Single Slit

We now think about the shape of the phasors on the complex plane given by the single slit —
let us say that the slit that we are looking at is just one-dimensional i. e. a rectangular slit
with b > 1, although the statement is generalisable to circular apertures. Note that again
we are integrating over infinitesimal sub-divisions, and as a result the phasor representation on
the complex plane will still be a continuous curve, somewhat like the case where the phasors
add-up in the near field, demonstrated in figure [15.9. However the main difference is that the
complex amplitudes across the whole slit is constant, unlike the case in equation , where the
amplitude has a decreasing amplitude with respect to p, which is representative of the trans-
verse distance across the wavefront. This means that instead of circles with an ever-decreasing
radii, each “loop” of the phasors have exactly the same radius.

As a result, if we view the slit at a small value of 6, then the phase change across the slit
is small, therefore giving a large radius of the phasors, like the outermost loop in figure [18.2,
and hence a relatively large resultant scalar amplitude and therefore a relatively large intensity.
When 6 increases further, the radius becomes smaller as the phase change per unit length across
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Figure 18.2: The phasor representation of the single slit.

the slit becomes larger. Then the loops start to wind-back to one-another, giving rise to smaller
and smaller resultant scalar amplitudes, as 6 keeps increasing to very large angles, which is why
the higher maxima are far less bright than the central maxima. This can be demonstrated by
the smallest loop in figure [18.2.

The phasor representation also illustrates the appearance of the central maximum and the
minima. The central maximum means that we are viewing the slit at an angle 8 = 0, there-
fore all the phasors line up along the real axis, giving the maximum scalar amplitude achievable;
and the minima means that the § we are viewing at is exactly when the phasors form one exact
circle and therefore has no resultant scalar amplitude.

Summary

1. The intensity distribution of the circular aperture along the radial axis has a similar shape
with the intensity pattern of a rectangular slit, but with a constant addition such that
the full-width at half-maximum reads

A6 = arcsin (1.220\/a). (18.5)

2. The single slit diffraction pattern can be illustrated using the phasor method, which
traves out circles on the complex plane. This demonstrates the appearances of the central
maximum, the reduced amplitudes of the maxima with higher order, and the appearances
of minima.

§19. Distinguishability of Two Sources

Fraunhofer, but not Far Field
Since Fraunhofer diffraction is mathematically simpler than the Fresnel-Kirchhoff diffraction,
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Figure 19.1: The addition of the thin lens after the diffraction mask, to achieve the Fraunhofer
condition without going to the far field. Note that this is a simplification when # is small.
When we are looking at large values of 6, then we usually would like to mount the receiver unit
on top of a turntable, which then allows us to determine € more easily, and without causing an
extra phase shift after passing the lens.

we often exploit this convenience in designing physics experiments. However we cannot afford
to place everything in the far field: when we perform experiments in a laboratory, the size
of the apparatus is limited by the size of the laboratory; if each experiment requires using
apparatuses that is over 20m long in length for relatively accurate measurements, then we
will have far less experimental setups in a laboratory than we would ideally want. As a result,
we would like to find a way to achieve the Fraunhofer condition but without being in the far field.

The method to go for would be to use a thin lens. After the light has gone out of the diffraction
mask, we equip the exiting light with a thin lens, then the light can be projected onto a screen
that is relatively closed-up, and now we have transformed the angle #, which is representative
of the relative phase, into the distance on the screen, Y = ff. However, the phase difference is
still linearly dependent on the transverse distance on the slit, and therefore we have achieved the
Fraunhofer diffraction limit, without going to the far-field. This is demonstrated in figure .

Distinguishability of Two Sources

So far we have looked at passing one coherent collimated beam through the a rectangular slit.
However we can then think about projecting two incoherent light sources through the same
slit, for example, imaging two stars. In this case, we need to take into account effects caused
by both geometric and wave optics as follows.

» Geometric optics gives rise to the fact that after passing through the slit, the two stars
are focussed on different parts of the detector.
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AO = Ma AG = 4) (3a)
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Figure 19.2: A demonstration of whether the two sources are distinguished. The dotted lines
represent the intensity distribution of the light coming from an individual source diffracted
through a slit with the matching width and position of the central maximum.

» Wave optics gives rise to the fact that, each star through the slit, even if the stars are point
sources, forms patches of light on the detector of a finite angular size A = 1.220)\/a
(or, A@ = \/a for a rectangular slit with size a x a) where we assume sin = 6, and a
is the diameter of the aperture.

This suggests that, if the geometrical angular separation of the two stars is smaller than the
diffracted angular separation of the two stars, then the two stars cannot be distinguished i. e.
we have no idea whether the large patch of light we are looking at is one star or two different
stars. A demonstration of this effect for the rectangular aperture case is shown in figure .
The left hand diagram is what we suggest as the limit of the two sources being distinguishable.
However theoretically the two can be moved just a little bit closer and we can still tell them
apart, hence strictly speaking the limit of distinguishability should lie at where the combined
intensity does not have a local minima in the middle of the two diffraction patterns at all,
which is a condition that requires more mathematical analysis. However, the more simplified
condition Af = 1.220\/a or A/a is practically good enough and is called the Rayleigh cri-
terion, with the stricter and more mathematically demanding condition called the Sparrow
criterion. When these limits are exceeded, we cannot distinguish the two stars apart, which
gives rise to an overall interference pattern similar to the right hand diagram of figure .

Summary

1. To achieve the Fraunhofer condition without going to the far-field, we put a thin lens
before the detector unit. This way we achieve the desired linear phase shift and limit the
apparatus size in the laboratory at the same time.

2. To consider two sources satisfying Ag > 1.220\/a for a circular aperture or A8 > \/a
for a rectangular aperture as distinguishable sources, where A6 is the angular separation
of the two sources by the laws of geometric optics, and a is the size of the aperture.
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§20. Fraunhofer Integral as a Fourier Transform

Fourier Transforms in Optics
We have previously suggested that the Fraunhofer integral is just a Fourier transform, i. e.

oo

U) = / dr u(2)d® = Tulu(@))(8). (20.1)
—00

Note that this is different from the Fourier transform used in quantum mechanics for relating

the wavefunctions in the position and momentum representations

—ikx _ _ E
o) = <= [ i) = P, k= (20.2)

by a factor of 1/4/27 and a sign difference on the phase. Since they are not quite the same, let
us go through the similarities and differences in the properties associated with these differences.

o The Fourier transform and its inverse must share a factor of 1/(27m) for normalisation;
since the Fourier transform in optics does not have the 1/v/27 factor, the whole 1/(27)
factor must be dumped on the inverse Fourier transform. Furthermore, the sign on the
phase of the inverse Fourier transform must be opposite to that of the Fourier transform.
These effects combined means that the inverse Fourier Transforms in the two conventions
read

u(e) = FZUE) = — / T ApU(B)e, (20.3)

21 J_

U(x) = Flo(k)](x) dz o(k)e™. (20.4)

A

e The Fourier transform under both conventions are linear.

o The relation between the Fourier transform, the translation operator T, (shifts the func-
tion towards the right by a distance a), and the modulation operator £, (multiplies the
function by a phase e*® or €*) is the same, i. e.

TiTy = E-oTv,  TrEy, = Ty (20.5)

The first relationship in quantum mechanics means that the state in the momentum space
is multiplied by an overall phase if the whole quantum system is translated. In optics
this means that the scalar amplitude on the screen will experience a phase shift if the
diffraction mask is translated, i. e. there is no observable change to the scalar amplitude
on the screen whatsoever. The second relationship in quantum mechanics means that if
the position space wavefunction is modulated with a phase, then in the momentum space,
this is the same as an overall shift in momentum for the quantum system. For example,
a quantum particle with wavefunction

1 , z?
U(x) = =y exp (1k0x - 2_d2) (20.6)

can be thought as a Gaussian wavepacket (which has momentum expectation value 0)
modulated by kg, and therefore the expectation value of the momentum of the particle

is (p) = hko. Sometimes we use filters to modulate light rays and this will in turn
cause a translation on the image plane, completely in analogy with the case in quantum
mechanics.

Pg 42 §20



Fraunhofer Integral as a Fourier Transform

o Convolution is defined analogously

() @ ug(x) = /OO da’ uy (2" Yug(x — 2'), (20.7)
Gir @) = [ dyunliate - ) 208

however it is important to note that there is a difference in the convolution theorem —
the convolution theorem in optics has the /27 factor stripped off:

ﬂp[ul ®U2] = ﬂp[ul] X gF[UQ], ‘F[@/Jl*’gbg] = \/?[ X f[@ZJl] X f[’ll)g] (209)

We shall also note that the convolution theorem, under the optics convention, can “work
backwards”:

To show this, first note that since Iz ! = F//2m, it is also a Fourier transform hence
must satisfy the convolution theorem itself, i. e.

gp_l[U1 X UQ] = yp_l[Ul] X yF_l[UQ], (20.11)
then Fourier transforming both sides and using .7 7% ! = id, the identity map, we have
U1 ® U2 = yp‘ [ypil[Ul] X ypil[UQH, (2012)

which we may then proceed to get equation by setting Uy = Jp[uy] and Uy =
T [us).

e In both cases a Dirac-delta centred at 0 and a constant are Fourier transforms of one
another. In quantum mechanics, this means that if I have the particle in a state with
definite position at x = 0, then its momentum wavefunction would be uniform across all
space. In optics, this means that if I have an infinitesimally thin slit at the origin, then I
shall see a constant intensity as the image. However, since the momentum wavefunction
needs to be normalised and an uniform distribution across an infinite distance is non-
normalisable, and the total amount of light through the infinitesimally thin slit is zero,
what we observe in practice is nothing at all for both of these two cases. If we translate
the Dirac-delta, then its Fourier transform is modulated, i. e. we see a monochromatic
plane wave across the momentum space (or just a phase in the image plane in the optics
case, which means that the intensity is still constant across the whole plane i. e. there is
no change in the image).

Now let us look at the Fourier transforms of basic functions.

Some Fourier Transform Primitives
Here we tabulate some basic principles that can help us in interpreting Fourier Transform
between functions.

o We have discussed this just now: the Fourier transform of a point source that is not
located at 0 gives an oscillatory image, i. e.

Trlugd(x — 20)] = upe™?. (20.13)
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o We have discussed this in the previous section: the Fourier transform of a tophat function
is a sinc function, i. e.

Tr[tophat, ()] = sinc(af3/2). (20.14)

e This has been discussed in the quantum mechanics course: the Fourier transform of a
Gaussian wavefunction is still a Gaussian wavefunction:

2
U 1| /z— ko — L3202
_Z = @ 20.1
%‘[Ux\/ﬁexp{ 2 [( Og > ]}] o ¢ 7 ( 0 5)

where we have the standard deviation for the spatial frequency

og = 1/o, = 0,03 = 1. (20.16)
These scalar amplitudes gives the intensity distribution functions as

]2

I(z) = e l@=20/o:l and 1(8) = e 572, (20.17)

giving variances in the intensity distributions as

1 2 1
Var [I(z)] = 502 Var [I(5)] = %, = Var[l(z)] x Var [I(8)] = 7 (20.18)
same as the uncertainty relation in quantum mechanics:
2
(a2 )((an)*) = (0l (A o) x (w1 AR 0} = (20.19)

This is another illustration of the fact that: the smaller the feature is on the diffraction
mask, the more extended is the feature on the screen.

» We consider a plane wave through a wide open plane i. e. the scalar amplitude upjane(X)
is assumed to be uniform throughout the wide open plane, but there is an obstruction in
the middle. We compare the intensity pattern of this situation to the intensity pattern
where the whole plane is obstructed, but we open a slit in the obstruction such that some
light goes through, which the scalar amplitude is given by ug;(x). We shall note that the
scalar amplitude of the light in the former case, i. e. light through the obstructed plane,
is

U(X) - uplane(x) - uslit(x)a (2020)
and therefore the scalar amplitude on the screen is given as
UB) = 6P(B) —Uax(B), B = (B8, (20.21)

exploiting the linearity of the Fourier transform, and note that we approximate the Fourier
transform of the wide feature wjane(X) as a narrow spot on the image plane §@ (). As
a result, the intensity pattern with the obstruction would be

B) - {high intensity g = 0; (20.22)

Laic (B) otherwise,

i. e. the same as the intensity pattern with the slit, but with a very bright peak on the
principal axis. This is called Babinet’s principle.
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Now we are well-acquainted with the theory of interference, we are equipped to investigate into
diffraction patterns through more complicated diffraction masks.

Summary

1. The Fraunhofer integral is a Fourier transform, with minor differences from that used in
quantum mechanics. The properties are mostly carried through, although some of the
properties require minor modifications.

2. We collect a number of primitives of Fourier transforms, which will then equip us better
for more complicated diffraction masks.
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§21. Transmission Grating

Image of a Grating

We shall now march onto the optics of diffraction gratings (or, just gratings), which are useful in
separating colours, or, wavelengths. As an example, this is important in distinguishing between
spectra of different elements, which is a crucial part of finding the chemical composition of stars.

The simplest grating is called a transmission grating, which is just a large obstruction with
thin and long slits that are evenly spaced, which we model as

N
u(z) = wuggrating, ™M (z) = ug Z d(z —md) (21.1)
m=1

for a grating with N slits and consecutive slits separated by a distance d. For this simple
treatment we shall ignore the slit width of the grating. Then, the scalar amplitude on the
screen is given as

U(B) = uoTp[grating,™(z)] = uo > Tr[d(x—md)] = up Y ()"

m= (21.2)
sin (%N 5)
= up X common phase X —— 7=+,
sin (55)
where 0 = [d = kdsinf. Note that we have utilised the equation of the summation of a

geometric series when working out the sum over the exponentials. This then gives the intensity
distribution as

sin? (%N&) sin? (%Nﬁd)
o (19) s (1pd)

2

I(p) =

(21.3)

where [ is the maximum intensity of the distribution of each individual slit. Noting that, by
analysing the intensity distribution function, the maximum intensity is given by IyN2. The
shapes of the intensity distribution pattern is shown in figure p1.1].

Analysis of the Image
We shall first locate the maxima and the minima. Naively, the maxima should be located when
every pair of consecutive slits constructively interfere, i. e.

OPL = dsinf = pA = sinf = pA/d (21.4)

where p is an integer. This is verified by setting the denominator of equation to zero, i. e.

1 1 1 2 A
§6d = —kdsinf = —><—71><dsin9 = pn = sinf = pA

5 3% 3 = (21.5)

These maxima are sometimes called bright fringes. Note that every time the denominator of
equation P1.3 is zero, the numerator will always be zero at the same time, which means that the
intensity will always be finite. We shall also note that there are small-scaled periodic minima
when the numerator is zero but the denominator is non-zero at equally-spaced angles that has
a spacing A(sinf) = A/(Nd), i. e. every consecutive pair of maxima has N — 1 small-scaled
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ALV

0
—4r/d —27/d 0 27 /d Ar/d
spatial frequency (3
Figure 21.1: The image of a diffraction grating. Note that the image with large N has a much

higher value of maximum intensity proportional to N2, but in this image it is suppressed so
that we can compare the shapes of the different images.
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minima in between.

We shall also take a special note that if the grating has an infinite number of slits, then
the scalar amplitude will be

in (1
U(B) = up lim M =

N — oo sin (55)

up lim grating,, ;" (8), (21.6)

i. e. Dirac-deltas that are evenly spaced on the spatial-frequency domain with A5 = 2m/d
extending all the way to infinity. Note that this is equivalent to the shape of the distribution
in Figure m in the N — oo limit.

Finally we shall investigate into the phasor representation of the grating. This time we are
adding them as the number of slits are finite, and thus we do vector addition on the complex
plane. We shall illustrate this with the N = 3 and N = 5 case, with the intensity pattern
the corresponding phasor representation of certain values of #s shown in figures 1.2 and
D

Summary

1. The distribution of scalar amplitude of a grating on the source plane is
N
u(z) = uograting, ™M (z) = wg Z d(z —md), (21.7)
=1

and intensity distribution of the image of the grating is given as

sin (2§ sin? (1N Bd
18) = Io——" (21 ) _ —— 2(21 ). (21.8)
sin (55) sin (§6d)
2. The location of the maxima is sinf = p)\/d and the location of the minima is sinf =

pA/(Nd): the separation of the maxima is N times the separation of the small-scaled
maxima. If the number of slits is infinite, then the image is an infinite “comb” of Dirac-
deltas on the domain of spatial frequencies, with separation A = 27m/d.

§22. Grating as a Spectrometer

Finding the Wavelength of an Unknown Source

Now we have a colour made up of several unknown wavelengths and we want to find these
wavelengths by sending the light through a grating. At the other side of the grating we see
the colours separate into different angles, which, if we then place a lens after the colours
are separated, become distances. If we capture the image on the other side by an eyepiece,
then the image will be similar to figure ﬁ, where we are looking into how a source with a
continuous spectrum separates into. If the wavelengths are discrete, then it will fall into lines
that are separated. The master equation that we shall apply is equation R1.5, which after slight
algebraic manipulations we have

A d
0 = arcsin (pg>, A= ];sine, (22.1)
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Figure 21.2: The image of a diffraction grating with N = 3 and N = 5.
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N = 3
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Figure 21.3: The phasor representation for the maxima and minima of the intensity patterns
for the diffraction grating N = 3 and N = 5 case.

Figure 22.1: The appearance of light with a continuous spectrum after sent through a trans-
mission grating. The photograph is captured by a phone camera, which contains a lens which
transfers the angles onto distances on the CCD sensor of the phone.
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a link between A and 6. Here the integer p is called the order, and the maxima corresponding
to the p™ order is sometimes labelled as 6,. p can be determined by counting the number
of maxima from the central maximum (where p = 0). The slit separation d usually comes
with the grating — when one purchases a diffraction grating we are able to tell d from the
manufacturer’s instrumentation, usually given in lines per centimetres, with typical values of d
across 103 to 10* lines per centimetre. With all these three pieces of information, we may then
work out A using equation P2.1I.

Instrumental Range and Width
We now use the grating to resolve two different colours (or, wavelengths of the light) from the
same source. To check whether we can do this, we check two things.

o The two wavelengths are not too far apart, such that the light coming from different
orders do not overlap. For example, in figure R2.1|, the red light from the first order and
the blue light of the second order is challenging this limit. This maximum difference in
wavelength that the apparatus can separate is called the instrumental range, or the
free spectral range. To calculate the free spectral range for light at order p, if the light
at order p + 1 has wavelength A and the light at order p has wavelength A\ + FSR,, then
using equation P2.1|, the free spectral range is given as

d . . d (p+1)A d (p+ 1A A
PSRy — Ling — p = ¢ - =2 (222
SR psm p+lsm p>< y p+1>< y p ( )

o The two wavelengths are not too close together, so the image of the two different colours of
the same order do not overlap. This minimum difference in wavelength that the apparatus
can separate is called the instrumental width. To find this, we compare the separation
of the centre of the image of the two wavelengths that we want to resolve with the width
of the minima — applying the Rayleigh criterion. We shall use our usual approximation
that the width of the maxima is the distance from the centre of the maxima to the first
minima, which, we note is N times smaller than the separation between two orders of the

same colour A(sinf) = \/d. This gives the instrumental width as
d A(sin®) A
INST), = - X —— = — 22.3

or, sometimes expressed in wavenumbers, which can be calculated just by treating this
width as an “experimental error” and propagating this error through using the error
correction formula,

INST; = ‘%

1
5\ x INST), = — xINST, =

v
= N (22.4)

The instrumental range FSR), and the instrumental width INST are two labels for the ability
of resolving different wavelengths for a spectrometer, which we will discuss for other types of
interferometric apparatuses later.

Chromatic Dispersion and the Chromatic Resolving Power
From the instrumental width, there are some more definitions that are used to describe the
grating,
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o We shall note that the limit in angular separation that we can resolve is given by

A
Ndcos@’

6
INST) = <= x INST, = dcﬁs@

x INST, = (22.5)

where 49 )
o . b
d\ d\/dé "~ dcosf (22.6)

is sometimes called the chromatic dispersion.

e The chromatic resolving power is usually used to describe the ability of an optical
apparatus in separating similar wavelengths. This is defined by

_ operating wavelength X XNxwv D (22.7)
~ resolvable difference in A INST, A2 x INST,  INST,’ '
which for a grating we have
& = Np, (22.8)

where p is the order we are operating on.

Previously we have modelled each slit in the grating as a Dirac-delta, which is usually not the
case. A better model is to treat each slit as a source with a finite extent i. e. a single slit
described by a tophat function, which can be calculated from the convolution theorem, which
we shall look at next.

Summary

1. To find the wavelength of a light source, we pass it through a grating, which we calculate

the wavelength from

A= C—Zsiné. (22.9)
p

2. To use the grating to resolve two different colours, we want to make sure that the sepa-
ration in wavelength is smaller than the instrumental range

FSRy, = A\/p (22.10)
where A is the smaller wavelength, and is larger than the instrumental width

INST, = \/(Np). (22.11)

3. The angular resolution of the grating is given as

p
INSTy = ——— 22.12
STo Ndcost ( )
and the chromatic resolving power of the grating is given as
A\ _
P = S (22.13)

INST) INST;
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§23. Convolution Theorem

Practicalities in Using the Convolution Theorem
Recall that convolution is defined as

u(x) @ ug(x) = / da’ uy (2" Yug (2 — 2'), (23.1)
and the convolution theorem reads
9F[u1 ®U2] = gp[ul] X gF[UQ] (232)
forwards and
9p[u1 X ’LLQ] = 9F[U1] & 9}7‘[“2] (233)

backwards. Practically in optics the convolution theorem is used to find the Fourier transform
of more complicated functions. In order to do this, we need to know how to separate a more
complicated function into convolutions of two functions with the Fourier transform that we
know how to do. Two practical separation methods are given as follows.

o A grating with finite slit width has a scalar amplitude proportional to the convolution
of a regular array of Dirac-deltas (or, the scalar amplitude proportional to grating with
negligible width) and a tophat function (or, the scalar amplitude proportional to a single
slit). This can be shown explicitly as

. N
grating, ™) () ® tophat, (z) = / da’ Z 5(z" — md) x tophat, (z — z’)

o m=1
. (23.4)
= Z tophat, (x — md),
m=1
exactly a grating with finite width.
o A symmetric triangle function, for example f(z) = max (2a — |z|,0), can be expressed

as a convolution of two tophats with half the width of the triangle.
Now let us try to use the convolution theorem with a simple setup.
Two-Slit Interference with Finite Slit Widths

To test the power of the convolution theorem, we can consider a two-slit interference problem
with slit separation d and finite slit widths a, with scalar amplitude on the source plane as

u(z) = uo x {[0(z) + 6(z — d)] @ tophat, (z)}. (23.5)
From here we can work out
Trlé(x) +0(xz — d)] = cos <g) and Jp[tophat, ()] = sinc (%Ba), (23.6)

up to an overall phase. Using the convolution theorem, we have

UB) = ¢ [uo X {[5(x) + §(z — d)] ® tophat, (x)}]
= ug X Ip[d(x) + d6(x — d)] x Tr[tophat, (x)] (23.7)

= g Cos <%Bd) sinc (%Ba),
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Figure 23.1: The two-slit interference pattern with slit separation d and slit width a.

up to an overall phase, and hence the intensity is

[(3) = Inax cos? (%ﬁd) sinc? (%5@). (23.8)

We note that by the geometry, the slit separation cannot be smaller than the slit width. As
a result, the sinc function gives maxima that are wider apart. Therefore the sinc function
will form an envelope of the cosine function, shown in figure . Note that again we have
the smallest feature on the source plane, the slit width, gives rise to the largest feature, the
envelope, on the image plane.

Summary

1. The convolution theorem allows us to do Fourier transforms for complicated function
by claiming that the Fourier transform of it is the product of the Fourier transform
of the functions that convolutes it. Two common tricks is to tore a periodic array of
tophat functions (describing a grating with finite slit width) apart into a convolution of
a regularly spaced Dirac-deltas and a tophat function; and to tore a symmetric triangle
function apart into a convolution of two tophats.

2. Equipping a pair of slits with a finite slit width gives an envelope on top of the fringes of
the slits treated as two Dirac-deltas.
§24. Grating with Finite Slit Width

Convolution Theorem, Forwards
The use of convolution theorem forwards to find the intensity distribution of a grating with
finite slit width is a straightforward extension from the two-slit case. We simply change the
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two Dirac-deltas into N evenly spaced Dirac-deltas and convolute that with the tophat instead.
This gives
u(z) = uy x grating; ™) (z) ® tophat, (z). (24.1)

The convolution theorem then gives
UB) = Trug x grating, V) () ® tophat, (2)]
= ug X I [gratingd(N) (z)] x Jr[tophat, (z)]

in (1Nj3d ' 1
= uO_Slinln(z%Bd)) X sinc <§ﬁa)

up to an overall phase. The intensity distribution of the image is given as

in? (1 Npd , 1
I(8) = Iy x % X sinc? (§5a). (24.3)

This is plotted in figure . Note that the effect of the slit width is that it focuses on the
order p = 0 and reduces the intensity of higher orders, extinguishing intensities in certain
orders, for example in figure 24711, the slit separation is three times the slit width, and as a
result the order p = 3 has no intensity at all, so if we would like to use it as a spectrometer,
then we simply cannot use that order at all.

~— ——

(24.2)

This effect of intensity suppression at high orders is disastrous if we want to use the grat-
ing as a spectrometer, as recall that the instrumental width is

INST, = #/(Np) (24.4)

so to distinguish between finer wavelengths we want to have a small instrumental width, and
therefore we want to go to as high order as possible (but of course the order is limited by
sinf < 1), however the intensity at that order is greatly reduced. Most of the light is at the
order p = 0 but all wavelengths emerges at the same angle, so this is completely useless in
distinguishing different wavelengths. In the next section we shall introduce methods to reduce
this effect.

Convolution Theorem, Backwards

Note that we can also formulate the grating with an finite number of slits as a product of a
grating with an infinite number of slits with a finite slit width and a tophat function with
exactly the width as the number of slits, so the slits outside the tophat function are scaled to
zero. This gives the scalar amplitude at the source as

u(x) = uo{[tophata (2)] ® [Mlim grating ;") ($)]} X [tophat y 4 ()] (24.5)
)
This then gives, using the convolution theorem,
. 1 . . (N) . 1
U(B) = wpysinc | =fa | x [ lim grating,, 4 (ﬁ)] ®sinc [ =Ndj |. (24.6)
2 M — oo 2
From here onwards it is difficult to push forward any strict mathematical reasoning, and there-
fore we have to argue just using logic. The first two terms now become a product, which gives

regularly spaced Dirac-deltas with period A = 2m/d, with an envelope with a large-scale
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Figure 24.1: A grating with slit separation d and slit width a.
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variation with period inversely proportional to the slit width a. Finally we have the sinc func-
tion, which convolutes with the Dirac-delta, which changes them into sinc-like functions with
the period inversely proportional to Nd. However by looking at the exact form of the scalar
amplitude, sinc is not quite the right description for the shapes caused by the individual slits.

Again, we note that the largest feature at the source, the large tophat with size Nd, gives
the smallest feature on the image, which is the individual peaks. The smallest feature, which
is the slit width a, givers the the larges feature on the image, which is the large-scale envelope.

Summary

1. The intensity pattern of the diffraction grating with separation d and slit width a has an
intensity distribution

in* (3Npd) 1
() = I x % x sinc? (55(1) (24.7)

2. The effect of the addition of the slit width gives rise to a large-scale envelope with minima
located at § = 2p7t/a to the image of the grating with negligible slit width, and a reduced
intensity for higher orders of diffraction.

§25. Reflection Grating

Reflection Grating
A common method to overcome the problem of intensity suppression at higher orders is to use
a blazed reflection grating. Before introducing the blaze, we shall first look at just a simple
reflection grating. This is just made of N strips of mirrors with size a separated by d, and one
shines light on the grating at an oblique angle. Note that the physics at this sort of reflection
grating is exactly the same as a transmission grating, but with the input at an oblique angle
a. The link is shown in figure 25.1].

To analyse the transmission grating with a non-zero angle of incidence, simply note that there
is an extra phase shift of kdsin a between consecutive slits before the light hits the grating. As
a result, the shape of the intensity distribution function is exactly the same, i. e. |

sin® (3 N Bd) 1
I = Jy x —2—7 xsinc? ( = 25.1
(ﬁ) 0 X sin2 (%ﬁd) X simce (Zﬁa>7 ( 5 )

but now with 3 defined alternatively as
B = k(sinf — sin ). (25.2)

This means that the zeroth order diffraction pattern is no longer at 6 = 0 but at &6 = «. The
reflection grating has exactly the same intensity pattern. However, even if the zeroth order is
now oblique to the grating, it still does not separate wavelengths and is still where most of the
light ends up at, and therefore is equally useless compared to the transmission grating. The
real trick that makes this all works out is by blazing the grating.
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Figure 25.1: The equivalence between a transmission grating with an oblique angle of incidence
and a reflection grating. The dashed line represents the position of the grating.

Blazed Gratings

The idea of blazing a grating is to introduce a blazing angle ¢y, that the mirrors are positioned
with respect to the normal. This is shown in figure 5.2. With respect to the normal of the
principal axis of the grating, the angle of entrance and exit is o and 6 respectively, and when «
and @ are equal, we have no phase difference i. e. we have the zeroth order reflection. However
with respect to the normal of the mirrors, the angle of entrance and exit is ¢; and ¢, respectively,
which suggests that the central maximum of the single slit will be at sin p; = sin ¢, (equating
the phase shifts before and after entering the single slit) i. e. the maximum intensity is not
at p = 0, but when ¢; = ¢,. In terms of the intensity distribution, this is equivalent to
preserving the fringes but shifting the envelope, i. e.

21
25.3

so now the maximum intensity is at the order that we want to look at more carefully, instead
of at p = 0: for example we might want to blaze at first order, which then gives an intensity
pattern as figure E5.3.

Note that, using the geometry of the setup, at maximum intensity,

i = ¢ = (0+0)/2, o = (0 —a)/2. (25.4)

In practice if we would like to buy a reflection grating to distinguish two very close wavelengths,
then of course the manufacturer does not have all the different blaze angles we would like, and
therefore we shall select the angles of # and a that roughly matches the blaze angles available
at the manufacturer.
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incident

Figure 25.2: A blazed reflection grating.

Summary

1. An unblazed reflection grating has an intensity pattern that is the same as the transmis-
sion grating where the light is incident on the grating obliquely. The spatial frequency
therefore needs to be modified to

B = k(sinf —sin«). (25.5)

2. The intensity of the light out of the diffraction grating decreases as we go to higher and
higher orders. To solve this issue we can blaze the grating, which means that we have
the maximum intensity be at a higher order, instead of at p = 0 where the wavelengths
cannot be resolved at all.

§26. Spectrometer Designs

Czerny-Turner Configuration
In this section we shall introduce two of the interferometer setups using the blazed reflection
grating.

Obviously the easiest method of building the spectrometer is to just use a lens to collimate
the light such that they are input into the grating at right angles, and use a lens after the light
passes the grating to focus it such that it can be detected by eye or by a camera. However
this setup suffers from spherical and coma aberrations of the lens, plus only a specific range of
wavelengths can transmit through glass, therefore is not the most ideal design.

To avoid these aberrations, one of the methods to change the collimating and focusing lenses
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Figure 25.3: Intensity of a blazed reflection grating to first order.
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Figure 26.1: A grating spectrometer in the Czerny-Turner configuration.
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Figure 26.2: A grating spectrometer in the Littrow configuration.
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into mirrors that does the exact same jobs. This is called the Czerny-Turner configuration,
illustrated in figure R6.1. The rays on the figure 26.1| is composed of two different wavelengths,
and they are clearly separated from the grating and emerges at two different angles, which is
then focussed onto two different distances by the focussing mirror.

However, we shall note that the if we replace a single thin lens by, for example, a good camera
lens, then the designer of the lens has enough pieces of glass to construct a lens with good
image quality with the effect of the aberrations reduced, and therefore we do see the use of
lenses in more sophisticated optical interferometers.

Littrow Configuration

Alternatively we are able to blaze the grating such that the first order diffracted beam of one
selected wavelength is turned back towards the light source. This is called the Littrow config-
uration, and it is used to select light of a given frequency. This setup is shown in figure
Practically it can be used as a feedback setup, where the light comes out of a laser beam goes
back towards the direction of the laser beam, and therefore acts as a frequency selector.

Summary

1. We can use mirrors to collimate and focus the light ray that enters and exits a reflection
grating, which gives a spectrometer in the Czerny-Turner configuration. The two wave-
lengths are then focussed to different distances on the eyepiece after passing through the
focussing lens, and therefore separated.

2. We can blaze the diffraction grating to first order such that the grating turns back the
light in the angle which the light is incident in. This is called the Littrow configuration,
which is used to select the frequency that we are looking for.
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5 IMAGING

§27. Scalar Amplitudes on the Focal and Image Planes of the Thin Lens

Revisiting the Single Thin Lens

This chapter investigates how to process coherent light beams to form an image. For example,
the light beams we are referring here could be light coming from a diffraction mask. The
simplest way of imaging, as we have learnt in previous chapters, is to image by a thin lens.
So far we have already learnt two simple methods of analysing how light beams with scalar
amplitude u,(z,) at a distance v away from a thin lens with a focal length f transforms after
passing through a lens. These are listed below. For this simple discussion let us assume that
the light from the object is coherent and collimated, and the lens is infinitely big (we shall
discuss how to relax this final assumption later).

o We may use lens maker’s equation from geometric optics. From this we know that there
is an image formed in the image plane at a distance v from the lens, where

1 1 1
4 = = 27.1
vl (27.1)
and by the theory of similar triangles,
Uz(xz) = UO(—U[L’i/U), (272)

that is, the scalar amplitude of the light on the image plane is a scaled version of the
input.

o Previously we have suggested that a lens changes angles to distances. Assuming that
the light from the source u,(z,) is well collimated, different spatial frequencies 5 then
travel towards different angles, which then turns into different positions on the focal

plane of the lens where the angle 6 and the position z; is linked by tanf = xz;/f.
Formulating this mathematically, using the approximation sinf = tan#f and therefore
B = ksinf = kxy/f, we have

Ui(B) = Uilkzs/f) = ug(xy), (27.3)

or, since U;(3) is the Fourier transform of u;(z;),
us(zs) = Trluo(o))(ky/[)- (27.4)
The results of these two approaches are summarised in figure .

Now consider the following experiment. If we wiggle the object up and down, according to
equation , then this leads to a phase change in the Fourier transformed scalar amplitude.
Since the intensity is only dependent on the modulus of the scalar amplitude, we should see
no change on the intensity distribution on the focal plane. However of course we do see a
change on the image plane; yet in some sense, the light on the image plane is propagated by
light from the focal plane. How come that the same intensity distribution of light gives rise to
two different sets of intensity distribution of light on the image plane? We must be missing
something and we shall attempt to solve this problem next.
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Figure 27.1: Imaging a coherent beam of light with scalar amplitude u,(z,).

Series of Fourier Transforms

The only solution for the above problem is that, to travel from the focal plane to the image
plane, we must have another operation that takes into account of the phases of the scalar am-
plitude of the intermediate focal plane. The simplest guess of what is happening is that light
Fourier transforms itself from the focal plane to the image plane. Justifying this mathematically
is lengthy and is discussed in §2§, however we could justify this by a simple thought experiment.

Consider figure where we have a pair of thin concave and convex lenses which have shapes
complementary to one another (so light through this combination will neither be focussed nor
be de-focussed) sandwiching the focal plane. Since the lenses are thin, the scalar amplitude in
the image plane wu;(z;) is unaltered by this insertion of the pair of lenses. Since the focal plane
and the concave lens are back-to-back, light does not have physical space to be de-focussed by
the concave lens and therefore will also be un-altered. Then, it is clear that when light travels
from focal plane to the image plane, it has to pass through this convex lens, justifying this
Fourier transform between the focal and image planes.

Now we have some preliminary justification, we shall put this theory that the scalar ampli-
tude at the image and focal planes are linked by a Fourier transform on firm mathematical
footing. We shall do that in §2§.

Summary

1. In this chapter we investigate into how coherent light can be processed, and the simplest
method is to use a single thin lens. After some analysis we find that the scalar amplitude
of light on the focal plane is the Fourier transform of the input and that on the image
plane is a scaled version of the input.
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u; (%)

Figure 27.2: Analysing the problem by placing virtual lenses sandwiching the focal plane.

2. By the argument of the insertion of a pair of thin concave and convex lenses, we conclude
that the scalar amplitude on the image plane is a Fourier transform of that in the focal
plane.

§28. Off-Axis Image Formation by a Thin Lens

Contributions to the Optical Path Length

In order to fully understand what is happening mathematically, including the phase of the
light, we must take into account of a full mathematical analysis of a light beam from any
point from the input, that is, a general off-axis point. Figure 8.1 is constructed for us to anal-
yse this problem and the optical path length that we are interested in is the light from X, to X;.

We now have two tasks in hand, that is, to consider how light goes through the lens and
reach the focal plane, and how light goes from the focal plane to a point on the image plane.
Let us tackle these one by one.

o The difficulty in finding the ray that reaches the focal plane is that we are unsure which
way light takes from point X,. The method that we shall take is to decompose the
spherical wavefront originating from X, into a superposition of many plane wavefronts,
including, for example, the wavefront X,A on figure 28.1. We may consider any ray on
the plane wavefront, as light from the entire wavefront has the same phase. Of course,
the easiest would be the chief ray since the chief ray passes straight through the lens
without bending. This gives us two contributions to the optical path length, that are
(the distances refers to the distances labelled on figure R8.1)

Ay = bcosh, Ay = f/cosb. (28.1)
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Figure 28.1: An diagram that assists us to set up the problem for an analysis of the off-axis
rays towards the image plane.

« Now all the plane waves arrives at Xy, we would like to guide these waves to the image
plane. The problem is that, the ray that we were considering previously, AX¢, is only
one of many rays that arrives at X, which, since there are no real obstructions or lenses
on the focal plane, all of these rays travel straight on. Therefore we can only focus on a
general ray that travels to X;, and set x; as a free parameter. The contribution of this
leg to the total optical path length is

Sl (g — ) = (o — (x; — xy)° : o (v; — 4)°
43—\/( )"+ (@i — xy) ( f)1+(v—f)2] f+—2(v—f)’
(28.2)

where we have binomially expanded the square root under the usual approximation
(xf —x) < (v—f)

Now, assuming that 6 is small, we have the usual small angle approximations, along with
a = x,0 and therefore b = u — z,0, and hence the total optical path length from X, to X; is

OPL == A1+A2+A3

S N [ R o=
o R | |

Note that the un-fixed parameters in this problem are xy and z;, therefore everything that is
only dependent on x,, u, v, and f are a common optical path for all rays. Removing all such

Pg 66 §28



Off-Axis Image Formation by a Thin Lens

terms and only keeping terms up to z,2 (where * = i, f), we have
OPL, — l(ﬂ)z(f_u)_x (ﬁ)+M (28.4)
2\ f \f 2w—f) '

So far we have obtained the total optical path, and naturally we would like to write down the
integral for all points on the object plane. However we note that from this expression of the
optical path length, we are already able to recreate some of the results we have obtained using
geometric optics. To do that, we use Fermat’s principle to find the pathways where the optical
path length OPL via finding the minimum of OPL with respect to xy i. e. we differentiate OPL
with respect to xy and set this to 0, giving

dOPL — ay(f—u) @ x—wp I u—f Ty m oy
R e (e S A S R
or,
Azy— B £ 0, A:Uif—“;?f, B:%+Uf’f. (28.6)

Now note that the focal plane, the image plane, and the input are related by the lens maker’s
equation

1 1 1
5+;:? = (w—filvo=f) = = A=0 (28.7)
therefore for equation to hold, we must have
B=0 = z = —vx,/u, (28.8)

the geometrical link between x; and x, which we already know from the theory of geometric
optics.

From the Input to the Focal Plane

Now we have already found the optical path length, we have everything we need to figure out
what is happening between these three planes. To go from the the input to the focal plane, we
have an optical path length (again eliminating high order terms)

OPLyy = Ay + 4y = {(u—xom(l—e;)] ; [f(u@;ﬂ L S P A0),  (289)
where )
S = utf F o= —up  Aff) - %(f—u). (28.10)

Here, S is the contribution that is the same for all beams of light that propagates through the
system which we drop as it contributes to an overall phase; F' is the term that is linear on x,
therefore corresponds to a Fraunhofer integral; and A () is independent of z, but dependent
on 0, which we may take outside the integral. Then, using the relation 5 = —kf (now
changing the definition of 5 to get the usual Fraunhofer integral; recall that we have discussed
previously that this sign is completely arbitrary as we effectively looking at the modulus of the
scalar amplitude) for small values of 6, we have

Usp(B) = e*ar(B/k) / h dag uy(o)e® = &5 U= 7o (2)] (=kas /) (28.11)
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retrieving equation but also retaining an extra phase factor. This extra phase tells us
that light arriving at the focal plane does not have the same phase, or that, we have a curved
wavefront arriving at the focal plane. Wiggling the object up and down will not change the
intensity pattern in the focal plane, however it will affect the shape of the wavefront arriving at
the focal plane, explaining why light hitting the image plane will then change in turn, solving
the problem introduced in the previous section.

From the Focal Plane to the Image Plane
Now let us travel from the focal plane to the image plane, i. e. do the integral

wi(x;) = / da g up(wp)eas, (28.12)
Now to unpack this, we insert equation ES.li, the relation § = —kf§ = —kx;/f, and the
expression for As, that is, equation 28.2. Putting these together, we have
. kz,? oo . L TET
ui(wi) = €7D / dap 745 R iy (2,))(~ kg / ) (28.13)

where A is defined in equation . Noting that we have already shown that A must be 0 by
the lens maker’s equation, it is therefore possible for us to deduce

wi(ws) = up(—ui/v) = / day &1 Tpluo(w,)|(—kay/ f) = TéTeluol(8).  (28.14)
where we have introduced ' = —kz;/(v — f) and dropped an overall phase. Now it is clear
that us(xs) and w;(x;) are also linked by a Fourier transform.

Summary

1. By writing down the total optical path length from the input to the image plane and
applying Fermat’s principle explicitly, we obtain the relation

T, = —UT,/u. (28.15)

2. By considering the integral from the input plane to the focal plane of the length, we find
that the light arriving at the focal plane forms a curved wavefront.

3. Taking into account of this curved wavefront and considering an integral from the focal
plane to the image plane, we retrieve the fact that the light is also Fourier transformed
travelling from the focal plane to the image plane.

§29. Abbé Theory of Imaging

Object with a Periodic Structure

Modern imaging theory, developed by Abbé and Zeiss, starts with analysing how to image input
light with a periodic structure. (Of course, the next step would be to create any objects as
considering these objects with periodic structures as a Fourier basis.) Let us consider an input
beam with period d

2
Uo(To) = up + Uy COS (Fﬂxo), (29.1)

Pg 68 §29



Abbé Theory of Imaging

a
v

u v

Figure 29.1: An object with a periodic structure forms bright spots at the focal plane.

where clearly the spatial frequency is given as § = 27m/d. The Fourier transform of this input
beam is rather straightforward to write down, it is simply

Ui 21 Ui 27

= — - — — — . 29.2
U9 = wd(3) + 5o(5 -2 ) + (54 7F) (202)

Now, since a lens changes angles to distances, using the relation

270 21wy
= k) = — = —+ 29.3
we have
21wy up f2mry  2m up f2mxy  2W

= u,d — S — —= + — ), 29.4
wien = w57 )+ 557 - )+ 3o(5F ) e

i. e. we expect bright spots at z; = 0 and £Af/d. This is illustrated in figure .

Now we introduce the important thought that runs through this chapter, that is, if we mask
out these bright spots in the focal plane, then this spatial frequency will be missing on the
image plane. Sometimes these spots are masked out intentionally — that is how we process
images; and sometimes there is a physical limitation of the apparatus that causes the spots to
be masked out, for example the lens is not big enough. We shall treat the latter case now and
treat the former case for the chapters that follows.

Finite Lens Size

The first object that modern imaging theory attempts to deal with is a microscope, where the
radius of the lens is given as Z and we are trying to resolve a periodic detail with a regular
spacing d. Note that this finite radius % limits the angle 0 i. e. 6 < % /u. However, by
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previous analysis, the bright spot at the focal plane is located at an angle

20 27 A
~ 7 = 0 = § = 7 (29.5)

Therefore, equating these expressions, we have the smallest detail resolved being

A /\O B ﬁ
‘- (#/u)  (n%&/u)  NA’ (29.6)

where \q is the wavelength of the light in a vacuum, n is the refractive index of the medium, and
NA = nZ/u is called the numerical aperture (recall that we have came across a similar,
but slightly different definition in §@, in the context of an optical fibre). In real life the basic
lens can be improved by adding a condenser lens, improving the resolution by about a factor
2, giving Abbé’s equation for the smallest structure resolved

Ao Ao

4= 5NA On Sin O

(29.7)

When we actually buy lenses, it is impossible to buy a lens with any numerical aperture, as this
parameter is dependent on the focussing power of the lens. The largest numerical aperture of a
lens that can be engineered is about 1.4 — which actually is rather amazing as the focal lens of
the mirror is already shorter than the radius, giving a very large acceptance angle. Therefore,
the best possible diffraction-limited resolution for any lens system is given as

d ~ A28, (29.8)

A remark here is that Abbé theory is originally for microscopes and therefore sometimes one
might see an alternative definition for the numerical aperture

NA = 2/f (29.9)

as the object is usually placed very near the focal length for a microscope.

Note that there is also a very common parameter used in photography, where the common
convention for the ratio between & and f is the f-number, defined as

f 1

/4 = 55 = ma (29.10)
where the latter equality holds in the microscope case where u =~ f. The upper bound on the
numerical aperture gives a lower bound on the f-number: the lower bound of the f-number on
any camera lens one can buy is 1.0, unless one would like to spend several thousands of pounds
on it; then one can reduce it further to 0.8, but that is it — the absolute minimum. Recall
that increasing the f-number masks out higher frequency components on the focal plane, which
then removes the higher frequencies. The effect of this is usually a more blurry background as
the higher frequencies corresponds to the “details” of the input, which we shall discuss in the
sections that follows.
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Summary

1. An input with a periodic structure gives bright spots on the focal plane, i. e. the scalar
amplitude on the focal plane is a sum of Dirac-deltas; which then interferes to form the
image. Masking out these bright spots in the focal plane means that the corresponding
spatial frequencies will be missing on the image plane.

2. A finite lens size automatically means that some spots on the focal plane will be missing
and therefore this gives a limit on the highest spatial frequency resolvable. The corre-
sponding parameter of the lens are the numerical aperture and the f-number, defined
as

NA = nZ/u and  f/# = f/(2%) (29.11)

respectively. The largest possible numerical aperture is about 1.4 and the smallest possible
f-number is about 0.8, corresponding to the best possible diffraction-limited resolution

d ~ \/28. (29.12)

§30. Wavefront-Preserving Imaging

Shape of the Wavefront
Back in equation P8.1(] we have suggested that the contribution

2

Ap(0) = %(f — u) (30.1)
to the total optical path gives a curved wavefront. This means that the wavefront at the image
plane will also be curved, i. e. we are not preserving the wavefront that arrives at the image
plane: we have distorted its shape. In this section we would like to suggest a method to give
an image with a different size and have flat wavefronts at the output at the same time. But
first let us try to understand the shape of this curved wavefront.

The first observation is that Ay is negative since u < f for any real image formed. Therefore,
equation tells us that an off-axis point will reach the focal plane lagging the on-axis point,
and therefore it needs to travel a further optical path length —A further after passing through
the focal plane to make up this optical path length deficit. With this in mind, a rough sketch
of the curved wavefront is demonstrated in figure B0.1.

The hypothesis that we shall verify is that the curved wavefront can be approximated as spher-
ical for small angles towards the on-axis point on the image plane. If such a hypothesis is
correct, then we must also have

Lf

- 2w f)
where ¢ = z/(v— f) is defined in figure , and also § = xy/f for an on-axis point.

Indeed, with lens maker’s equation

(30.2)

111 o
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Figure 30.1: An illustration of the curved wavefront.

we have

Ap = SE(f—u) = (30.4)

212

hence showing that our hypothesis is correct.

2(f =)’

Wavefront Preservation

Now that we understand what the shape of the wavefront is, let us try to correct this, and this
is done by adding another lens i. e. use the other lens to correct for these spherical distortions
reaching the image plane.

Figure shows the position of the setup: we have the input and the image at one focal
length away from the two lenses with focal lengths f; and f5, and space the two lenses at a
distance f; + fo apart from each other. If we have plane wavefronts arriving at the first lens,
then the extra phase difference will then be compensated by the addition of the second lens.
Quantitatively, on the focal plane of the first lens (the lens with focal length f;), we have

Ur(Br) = Trluo(z,)](B1), (30.5)
therefore, using 81 = kxy/f1,
up(ry) = Trluo(o)l(kzs/ fr); (30.6)
this is then immediately Fourier transformed passing the second lens

Ui(B2) = Trlug(zs)l(B), (30.7)
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Figure 30.2: A setup to preserve the wavefronts arriving at the image plane.

which, then using 8y = kx;/fa, gives
ui(zi) = Jr[Trlus(z,) k’$f/f1)]<k$z/f2)

= f La, f LT
/ da:f/ dw, u( a:oe ol (30.8)

- /_mdon( )

where the integral J(z,) is defined as

o0

1
J(z,) = uo(ajo)/ dzye' e R (30.9)

—00

o
a Fourier Transform of the exponential function e X “I . However, since the this exponential
can be obtained from the inverse Fourier transform of a Dirac-delta:

27-[ k —izox i*Xffl:Bi:B
o )] - £ o) -

(30.10)
we must have
J({IIO) _ Uo(l‘o)yp [e £ ;13: rf} — Z:fl uo<x0)5<£ﬂo + %fl) (30.11)
Hence,
wi(z;) = 27]:f1 /_OO dz, uo(xo)é(aco+ %xz) o Uy (—%x) (30.12)

This way, we have achieved the same goal as using a single lens — giving an image of a different
size, and also we have a flat wavefront as an output, i. e. we have successfully imaged the input
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Figure 31.1: Filtering light on the focal plane by a filtering function H(zy).

beam while preserving the shape of the wavefront.

Summary

1. The curved wavefront upon arrival on the focal plane of a single lens can be seen as
approximately circular.

2. Imaging with two lenses with focal lengths f; and f5 at a distance f; + f5 apart with the
input light at a distance f; away from the first lens gives an image at a distance f, away
from the second lens, enlarged with a scale factor fo/f; and inverted, also preserving the
shape of the wavefront.

§31. Filtering

Optical Point-Spread Function

At the start of this discussion, we have suggested that we may mask out certain points on the
focal plane to obtain images with different spatial frequencies in the object plane. Now we have
understood how to preserve our wavefront, let us do this with our new wavefront-preserving
imaging system.

For example, let us consider figure where the focal plane is masked out using a filter-
ing function H(x), defined as the fraction of the scalar amplitude of the light let through by
the filter at xy. This can either describe a filter placed by hand, or a filter due to the setup,
for example, the finite size of the second lens. Then, using the convolution theorem backwards,
we have

ui(w;) o< Tplup(es) x H(zg)] = Tplug] @ h(z;), (31.1)
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where
hx;) = Tp[H(zy)] (31.2)
is called the optical point-spread function.

Coherent and Incoherent Illumination
Using the relation

Teluyg] o up (—%I) (31.3)

and the definition of the convolution, we have
> / fl / /
wi(z;) dz] u, —f—xi h(z; — ). (31.4)
—00 2

Then, the intensity of the image as a function of x; is

L(zi) /_ de; lu( 2 )} (- )" /_ de{/u,)(—%x[')h(xi—x{'). (31.5)

Note that, although in this chapter our main focus is to discuss imaging coherent light, with the
above equation it is rather simple to write down the equation for the incoherent case. The trick
is to argue that the cross term (or, interference term) must vanish for incoherent illumination,
and therefore the integrals must merge (i. e. we artificially add a Dirac-delta é(x/ — x/’) in the
expression for I;(x;)); thus using such an argument, we have

Ii(x;) o /OO dz Uo( ? ,)
_ 2

o0
Let us write down our results again. For coherent illumination, we have

) ot

h(z; — )| (31.6)

for incoherent illumination.

2

Ii(x;) ; (3L.7)

and for incoherent illumination, we have

f
B

Alternatively, for the incoherent illumination case, we may use the convolution theorem to write
down the expression for the intensity in the following form

Ii(z;) Io( ) @ |hi(x)]*. (31.8)

Ii(x;) o yF—l{yF [I( ;:x )} xK(ﬁ)], K(B) = Te[|hi(z:)]], (31.9)

where K (/3) is called the optical transfer function. Recasting it into such a form separates
clearly the contribution of the filter and that of the intensity caused by the input beam in an
ideal system.
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Summary

1. We may filter light on the focal plane of the wavefront-preserving imaging system with a
filtering function H(xy). Then, the output on the image plane is Jp[us] ® h(x;), where
h(z;) = Jr[H(zy)] is the optical point-spread function.

2. For incoherent illumination, we have the intensity on the image plane as

_;_x)] xK(ﬁ)}, K(8) = Zellh@)P],  (31.10)

2

]Z(ZL’Z) XX gp_l [91: |:]o(
where K () is called the optical transfer function.

§32. Manipulating the Image at the Focal Plane

Shapes at the Focal and Image Planes

So far we have discussed how different spatial frequencies can be masked out, either by the
physical limitations of the setup (i. e. the size of the lens being finite), or using a filter. Or,
alternatively, we may choose to detect the image at the focal plane instead of the image plane,
filter this intensity pattern on the focal plane on a computer, then Fourier transform on the
computer to obtain an image, usually used in X-ray diffraction. The thing that we have missed
out is how masking out these spatial frequencies actually alter the image. This is best seen by
seeing a number of images between an image and its corresponding Fourier transform (or, its
shape at the focal plane of our wavefront-preserving imaging system).

The first of such examples is given by figure , where we have a number of equally spaced
stripes as the input. This then gives equally spaced points as the shape on the focal plane. We
then consider three masks as follows:

 the first mask that we apply leaves only the centre point on the focal plane and removes
all other points, this then leads to an image with nearly the same spatial frequency across;

o the second mask that we discuss removes everything other than the five central points on
the focal plane, this retrieves the equally spaced stripes but the image is not as sharp as
the input;

o the third mask masks out points on the focal plane but in a manner that it only does so
for the second other point, this halves the spacing of the stripes.

The second example, illustrated in figure , is to consider a mesh of two sets of stripes with
different orientations. By masking out a set of points in the focal plane corresponding to one
orientation, we have successfully deleted that set of stripes at the image plane.

The third example is to consider an artwork, given in figure . Masking out the high
frequency components keeps the shape of the artwork, however the fine details are blurred
out. However, masking out the low frequency components leaves the details of the artwork but
removes the shape of the artwork from the image.

Schlieren Photography
Our wavefront-preserving imaging system cannot show any relative phases of the light arriving
upon the image plane, merely demonstrating its amplitude. In order to “see” the phases of
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Figure 32.1: Using a pattern with thin stripes to illustrate the relation between the shapes at
the focal and image planes.
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Figure 32.2: Filtering out a set of stripes with a certain orientation at the focal plane.
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Figure 32.3: Manipulating an artwork at the focal plane to extract its shape and details.
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Figure 32.4: An illustration of creating a Schlieren photograph. Note that in the top-right
graph, the zero frequency point (located at the middle) has such a large real part (9542)
removing the contrast of all the other frequencies, and hence is artificially removed from the
figure.
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the light, for example the phases originated from small refractive index variations of air, we
may consider Schlieren photography, which is to mask out half the zero frequency point and
a half-plane of frequencies at the focal plane, usually by a knife-edge (this sentence should be
clear after a comparison between the top-right and bottom-left images of figure B2.4). After
such a processing method, the phases will “turn into” different amplitudes.

A demonstration of this is figure , where our input is light with equal amplitude across, but
we have introduced a 7/4 phase change at some points at the input plane. If we were to use
our wavefront-preserving imaging system at the output directly, then we would see a constant
amplitude across. However, by introducing this knife-edge at the focal plane, we can clearly
see the scalar amplitudes of the parts of the object with different phases are equipped with
different moduli at the image plane, which is observable in the intensity variations of the light
at the image plane.

Summary

1. By masking out certain points on the focal plane, we are able to alter the input light,
giving structures of different shapes at the image plane. The low frequency points at the
focal plane corresponds to the shape of the input, and the high frequency points at the
focal plane corresponds to the details of the input.

2. By masking out the zero frequency point and a half-plane of frequencies, we are able
to see the difference in phases in the input light (for example, that caused by refractive
index variations of air) at the image plane.
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6 MACH-ZEHNDER INTERFEROMETER

§33. Building an Interferometer

We shall now focus back on separating different wavelengths of light. There are three main
methods for doing this, and we shall go through them one by one.

Dispersion

This is the effect that light with different wavelengths have different refractive indices in ma-
terials, and therefore we can use a prism-like apparatus to separate these wavelengths, just by
using the dispersive properties of light. The resolution associated with this method is usually
poor, and as a result this will not be the instrument that we look into in this course.

Division of Wavefront

This is how a grating works. We have a plane wave that travels towards the grating, and the
grating splits the plane wave into many different smaller wavefronts, which then interferes to
give fringes.

We note that in order for this to work, we need to have a plane wavefront travelling towards
the grating, i. e. different parts of the plane wavefront must have a constant phase apart. This
is a condition on the source, which is called transverse coherence.

Division of Amplitude

This is the method that we will look into next, which is to divide the amplitude of the wave
into different parts, and give each one of the divided amplitude a phase, then send the divided
amplitudes back together to interfere.

We note that in order for this method to work, we do not necessarily need a plane wavefront,
as what we really need is the light to be coherent with itself delayed in time, i. e. longitudinal
coherence or temporal coherence. Therefore practically, if one would like to resolve light
with longitudinal but not transverse coherence, then the method would be to use a spectrom-
eter with division of amplitude designs.

The three examples that exploits this effect that we shall look into are
o Mach-Zehnder interferometers;
e Michelson interferometers;
o Fabry-Perot etalons and interferometers,

which the next part of the course is to survey through these three different types of spectrom-
eter designs.

Summary

1. Light with different wavelengths can be separated by passing it through a dispersive
medium, which has a low resolution and therefore is not commonly used.

2. Light can be resolved by the division of wavefront, e. g. passing the light through a
diffraction grating. This method requires transverse coherence.
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Figure 34.1: An illustration of the Mach-Zehnder Interferometer

3. Light can be resolved by the division of amplitude, i. e. breaking up the light into two
directions, and interfere one direction with the other direction that is delayed in time.

§34. Mach-Zehnder Interferometer

The simplest interferometer by the division of amplitude is the Mach-Zehnder interferometer,
illustrated in figure . Let us equip the input beam with intensity [y and scalar amplitude
ug, which is split by a half-silvered mirror (or beam splitter) into two equal intensities I,/2,
and hence with scalar amplitudes ug/ V2, where an extra 7 phase shift is to be added on the
reflected beam.

Note that the beam splitter is constituted of a glass plate with a high refractive index and
a dielectric coating, which means that only reflections from air to the coating will accumulate
this phase shift; both reflection from the other side (i. e. entering the glass first) and transmis-
sion will not pick up any additional phase. In figure , a phase change is added every time
the beam reflects off a beam-splitter or a mirror with the oblique “bars” on the other side of the
reflected beam, as the bars represents the location of the glass.

After the division of amplitude by the beam splitter, the lower beam picks up an extra phase
0. The two beams then meets at the final half-silvered mirror, which then reduces the scalar
amplitudes by a factor of 1/4/2 further, when the two beams are directed to the two different
directions. The intensity at output port 1 is then

2
]1 = |U1|2 =

1 1
overall phase x (— — 4+ — xe¥x —)

BT =1(§) (341)

where the overall phase includes both the phase change accumulated when the two beams
travels to the final mirror and the phase change due to reflections off mirrors. Here we note
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that both beams reflected twice upon arrival at port 1, and therefore the reflection off mirrors
gives an overall phase, however for port 2, we note that the top beam reflected once off a mirror
and the bottom beam reflected three times but only two of them accumulates a phase change
(the final reflection is in the glass, and hence there is no phase shift), causing a relative phase

shift of e™ = —1 due to the reflection. This gives
2
Uo 1 . 9 ((5)
— X —— — —— Xe — = Iysin® | = ). 34.2
VRGN \/i) osint(g) (312

Note that I; +1, = Iy, and therefore energy is conserved. Note that practically the mirrors and
the beam-splitters will absorb energy and transfer it into heat, and therefore strictly speaking
L+1, < .

12 = |U2|2 = X

overall phase x (

We shall note that the Mach-Zehnder is quite a toy-model. It illustrates the main method
of analysis of interference by division of amplitude, but there is this mysterious phase shift
addition, which must be wavelength dependent if the interferometer is to separate wavelengths.
We are currently just sealing it as a black box just to get the idea of interferometry by division
of amplitude, but in order to be practical we have to “look into the black box” and investigate
the methods of designing this phase addition. We will talk about one of such a method in the
next apparatus, the Michelson interferometer.

Summary

1. The Mach-Zehnder interferometer introduces a phase shift § of the lower beam, which
then gives an overall interference pattern at the two ports

I, = Iycos? (g), I, = Iysin? (g) (34.3)
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7 MICHELSON INTERFEROMETER

§35. Michelson Interferometer

Let us continue from the black box phase shift of § in the Mach-Zehnder interferometer. In
the Michelson interferometer, we add in an extra path difference to one of the two beams from
the beam splitter that is later superposed, which is transferred into this phase difference d by
multiplying with the wavenumber. Light with a shorter wavelength gives a larger wavenumber;
and hence a larger phase addition. Therefore, the intensity I with respect to the extra path dif-
ference A is different for light with different wavelengths, hence allowing us to do spectrometry.

A diagram of the Michelson interferometer is given in figure . The beam splitter splits
the amplitude from a source such that the two beams are reflected at two mirrors M; and M,
at different distances from the beam splitter, where the common distance gives an overall phase,
but the difference in the two distances gives a relative phase shift of one beam with respect
to the other. An extra complication is that there can be an extra phase difference caused by
the beam reflected at mirror M, caused by the beam travelling inside the glass that the beam
splitter is made off, which is compensated by placing a compensation plate between the
beam splitter and the mirror M; giving the other beam exactly the same phase shift, so now
all the phase difference is purely caused by the difference in the distances.

We shall note that the physics of the Michelson interferometer is exactly the same as the
Mach-Zehnder interferometer, and as a result, if the differences between the distances from the
beam splitter to the two mirrors M; and M, is d, then since the light travels through this extra
distance twice before interference, the optical path length difference is given as AOPL = 2d,
and therefore the output intensity at port 1 is

. 5 4
Tt = |uo+upe®|” = Iy cos? (5) § = kx AOPL = 2kd = 7”61. (35.1)

The Michelson interferometer is an extremely versatile interferometric apparatus. We may
not only look at the ports as intensity detectors for light bouncing off the mirrors at normal
incidence, but also consider light hitting the two mirrors at a small angle, which then gives us
fringes. We can also use the interferometer with an extended source instead of a point source.
In this course we go through three basic methods of operating the Michelson interferometer:

e move d, i. e. move one of the mirrors, which gives a “travelling Michelson”, or a Fourier-
transform spectrometer;

e hold d stationary and look at the fringes formed: these fringes are called Haidinger
fringes, or fringes of equal inclination;

e set d = 0 and tilt the two mirrors such that they are at an angle to one another and look
at the fringes: these fringes are called Fizeau fringes, or fringes of equal thickness.

We shall first look at the Fourier transform spectrometer and its applications.
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Figure 35.1: The setup of a Michelson interferometer.
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Summary

1. The Michelson interferometer is formed such that the amplitude is divided and one of the
two legs travels through an extra path length 2d, which gives

2
Iy = Iocos? (g) = ycos® (Tﬂd) (35.2)

The Michelson interferometer is very versatile and we shall explore its usage in the next
few sections.

§36. Fourier-Transform Spectroscopy

Separation of Wavelengths
Let us now look at a Fourier-transform spectrometer, where d is moved and we record the
received intensity. Recall that the intensity output from the Michelson interferometer reads

)
Iy = Ipcos? (§>, (36.1)

which is algebraically identical to

I(4) = %Io[l +cos (0)] = %[{) + %Io cos (kA). (36.2)
Note that we have the difference in optical path length A = AOPL = 2d, which is the object
we vary in a Fourier-transform spectrometer. As a result, if we have a light with a wide range
of N different frequencies w,, where m = 1,--- N, then they have different wavenumebers
knm = wm/c, and each of them will contribute to a constant %]0 term, but they will give
different cosine terms as they have different wavenumbers. Thus, the intensity is

1(4A) = ([>+% > Iycos(knd),  (I) = %Z L. (36.3)

We shall note that each cosine term is a sum of two exponentials with opposite exponents, i. e.
cos (kpA) oc eFmd g o7ihma (36.4)

suggesting that if we obtain the intensity pattern with respect to the optical path length, and
we do a Fourier transform of the cosine terms on a computer, then the spectrum

00 N

S() = Tl DIk = [ dAE (1)~ (1)) o 3 Lalolh — k) + 3(k + k)]
—© m=1

(36.5)

are pairs of Dirac-deltas centred at the input wavenumbers +k,, — so we have successfully

separated the wavelengths. Or, alternatively, to eliminate the Dirac-deltas with negative k,,s,

we can consider doing a Fourier cosine transform

[e.e]

Se(k) = Z[I(A) = (D)](k) = / dA cos (EA)x[I(A) — (I)] Z I, [0(k — k)], (36.6)

—00
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Figure 36.1: The intensity measurement of a Fourier-transform spectrometer of a source with
two wavelengths.

a spectrum with just the Dirac-deltas centred on the positive k,,s.

Resolving two Wavelengths

Let us illustrate this method by sending in a light with two different frequencies k; and ko
with intensities I; and I respectively. Without loss of generality, let us set Iy > [,. Then,
the intensity collected by varying the difference in distances from the beam splitter to the two
mirrors d is

1 1 L+ 1 I
I(A) = I cos? <§k1A) + I, cos® (§k2A) = 1J2r 2 + Elcos (k14) + 52(:08 (k24), (36.7)
where A = 2d. Written in terms of the average wavenumber K = %(kl + ko) and the
half-difference in wavenumber x = %(k’g — ky), this reads
L+ I I — I
1(4) = 1; 21+ cos (K A) cos (£4)] + ~——2[sin (K A) sin (54)]. (36.8)

This is demonstrated in figure . Note that, the maxima and minima of the intensity pattern
can be determined naively, just by comparing the phases travelled by the two beams of light:
the beams of light are in phase if

koA = kiA+2mp, = A = pT(/K (369)
where p is an integer, and the beams of light are out of phase if

koA = kBiA+2mp+n, = A = pn/k+mn/(2kK). (36.10)
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We shall take special note that hitting a minima does not mean that there is no intensity, in-
stead it means that the overall intensity is closer to the average of the two different intensities,
also demonstrated in figure [56.1.

After this analysis, note that if the light we input is composed of two different wavenumbers,
then by reading off the intensity variation against A and locating the maxima and minima,
even without inputting it into a computer and doing a Fourier transform, we are able to work
out the individual wavenumbers and intensities: we can work out s by locating the position
of maxima and minima of the large scale variations, and we can work out K by locating the
position of maxima and minima of the small-scale variations. Then we can use the values of
K and k to work out the values of k; and ky;. Then, at the positions of large-scaled maxima
and minima, we may find that the difference in intensities of consecutive small-scaled fringes
are Iy + Iy and I; — I, respectively, and hence from there we may work out the differences in
intensities of the two individual components.

Summary

1. If we input a range of wavenumbers k,, into the Fourier-transform spectrometer, and vary
the difference between distances from the beam splitter to the two mirrors d to obtain
the intensity of the light as a function of d, we can retrieve the wavenumbers we have
input by doing a Fourier cosine transform of the intensity

Selk) = ZI(A) = (I))(k) = / "4 cos (KA)  [1(4) = (1)] o 3 Lnlo(k — k)],

[e.e]

where A = 2d.

2. If we input light with just two different wavelengths into the Fourier-transform spectrom-
eter, then we are able to find the wavenumbers k; and k5 and the corresponding intensities
I; and I; by just analysing the intensity distribution with respect to A, without actually
doing the Fourier transform.

§37. Chromatic Resolving Power of a Fourier-Transform Spectrometer

Temporal Parts of the Intensity

We note that we have been hiding the temporal parts of the scalar amplitudes in the analysis
previously without actually justifying whether we are allowed to do that. We shall justify
this simplification here. Let us just consider the simple case where we input two different
wavelengths, then, the intensities of the two components due to the temporal parts of the
scalar amplitudes are given by

L o< |ume tont|? (37.1)
where m = 1,2. Then, the output will be

I(At) = L(A)+ L(A) + 2ugug cos [(wy — wr)t], (37.2)

where the temporal part averages to 0 over time. Therefore if the detector is slow, then we can
safely ignore the temporal part of the scalar amplitude, yet if the detector is fast, i. e. in the
gigahertz range, then we will be able to measure the extra difference caused by this temporal
variation, which has an effect on the intensity called beat note. For more than two sources,
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the story is similar: we simply need to add on top of equation a term that is dependent
on time, which we average to 0 if we have a very slow detector.

Chromatic Resolving Power of the Fourier-Transform Spectrometer

We now think about resolving two different wavelengths using the Fourier-transform spectrom-
eter, which follows the logic of §22: we need to find the minimum wavenumber difference
resolvable by the Fourier-transform spectrometer. Recall that, to resolve two wavelengths,
we look at the large scale variations of the intensity pattern, with one full period having a
separation in A of 7t/k, where

ko= (ki —k»)/2 = AkJ2 = mx AD. (37.3)

In order to distinguish between the two wavelengths, let us say that we need to see one whole
period of the large scale variation, which is limited by the greatest difference in the optical
path lengths achievable by the spectrometer A,,... Let us say that the two wavelengths are
just distinguishable, so the separation in A is A,,.x, then the difference in wavenumbers, i. e.
the instrumental width, is

s 1

M % INST, = INST5 Apax (37.4)

This means that the chromatic resolving power of the Fourier-transform spectrometer is given

as ~ A
Vmean max (37.5)

- _meanAmax - )
INST, Auean

which, in contrary to the grating spectrometer, is different for different wavenumbers.

Summary

1. We are safe to ignore the temporal part of the scalar amplitude when working out the
intensity of the Fourier-transform spectrometer, unless our detector can detect signals
with very high (gigahertz) frequencies, for which we shall see beat notes of the intensity
appearing on our detector.

2. The instrumental width of and the chromatic resolving power of the Fourier-transform
spectrometer are

Amax
P = DmeanAmaX = ) (376)

Y
Amax )\mean

INST; =

where A, .« is the largest difference in the optical path lengths from the beam splitter to
the two mirrors achievable by the spectrometer, which limits the power of the Fourier-
transform spectrometer.

§38. Finite Coherence Length and Line-Broadening

Intensity of a Source with a Finite Coherence Length

Previously we have suggested that a monochromatic light beam through a Fourier-transform
spectrometer gives a cosine output, hence implicitly suggesting that we are able to see oscilla-
tions for any A we select. However in reality this is not the case: if A is too large, then the
oscillations will disappear. In this course we focus on two reasons of why this might happen,
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which are finite coherence length and line-broadening. Both of them have to do with the source
which we now see as non-ideal.

We first introduce the concept of coherence length and study its implications. Previously
we have stated that for an interferometer that uses the method of division by amplitude, the
light source must have longitudinal or temporal coherence, or, the scalar amplitude u(t) should
be similar to the scalar amplitude u(t + 7). This is usually not the case, as most light sources
have a finite coherence time t., after which the coherence is lost, i. e. u(t) and u(t + t.) looks
so different that no spatial oscillations are visible at all. The light travels a coherence length
. = c¢ X t.in its coherence time, after which the light will be completely incoherent with
itself. The simplest model of this is to assume that the source emits many “light pulses” that
oscillates for a distance £.. Each of these light pulse can be thought as a wavetrain that is only
¢, long (and hence the F-fields are sinusoidal with a tophat envelope). The effect of passing
light through an extra path difference A is to delay itself in time, and therefore when we see no
spatial oscillations in the intensity pattern for a monochromatic light source, we immediately
know that we have set A too large such that we have exceeded the coherence length of the
light. A demonstration of this is shown in figure .

Applying this logic backwards, we can use the fact that we see no spatial oscillations being
equivalent to the condition that the coherence length has been exceeded to measure the coher-
ence length /.. To do this, we increase A from 0, and as the light suffers from decoherence, we
see the maxima and minima closer and closer to the average intensity, as illustrated by figure
B8.1. The moment when we see no oscillations corresponds to the optical path length difference
A equal to the coherence length /..

To measure how coherent the light is, we can use the function visibility defined as

-[Inax - Imin
“max T min (38.1)

7= ]max + ]min7

where the maximum and minimum refers to the small-scale oscillations. We can see from figure
that when the two waves that interferes have perfect coherence v = 1, and when the two
waves that interferes are completely incoherent v = 0.

Effect of Line-Broadening on the Image of Fourier-Transform Spectroscopy

Recall that if the light source that we feed into the Fourier-transform spectrometer has discrete
wavelengths, or, the intensity in terms of wavelengths has “lineshapes” (that is, the intensity
of the light emitted from the source against frequency) as Dirac-deltas, then the intensity dis-
tribution function at the interferometer will be oscillatory for all A if the source has perfect
temporal coherence. However all real light sources have line-broadening effects, and therefore
no real sources has lineshapes as Dirac-deltas. This broadening effect will cause the spatial
oscillations to decay as A increases, and the shape of the envelope that causes this decay is
determined by the shape of the input light source. Some of the lineshapes and corresponding
intensity distributions on the Fourier-transform spectrometer is shown in figure B8.2.

A Quantitative Discussion of Visibility and Coherence

A lot of our discussion in this chapter is based on light that is partially coherent, and the only
quantitative measure for how coherent two light beams are that has been introduced is the
visibility v, where we have not provided any justification.
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Figure 38.1: Passing two wavetrains with coherence length ¢. through a Michelson interferom-
eter. The two wavetrains each have a tophat envelope, and the total envelope in the intensity
can be seen as the convolution of these two tophats.
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Figure 38.2: The effect on the intensity distribution of Fourier-transform spectroscopy by differ-
ent lineshapes of the source. The left column is the different lineshapes, and the right column is
the corresponding intensity distribution on the Fourier-transform spectrometer corresponding
to the lineshape on the same row. Note that the wavenumber of the small-scale oscillatios on
the right corresponds to exactly the centre of the lineshape on the left.
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To justify that the visibility is a good measure for coherence, let us consider equation
again, where we have combined wuy and uge!, or, with their temporal parts added in, uge !
and uge % For a generalised discussion let us call these contributions u and ug. Then,
the average intensity over time is given as

I = <‘UJA +U’B’2>t

= IA+IB + <UAUB* +UBUA*>t
— Iy + Ip+2Re[I]

= IA+IB+2\/]AIBR6H/]

where [, = <|uA|2>t, Ig = <]u3]2>t, I' = (uaug,, and’? = (uaup'), /v/Ialp. For
coherent light sources with equal intensities Iy, i. e. uy = wuge W9 —lwt

(38.2)

and up = wuge ', we
have the frequency w for the two contributions equal. In this case, the modulus of I" equates
to Iy and the phase of I' equates to §. Then, 2Re[I"] is a sinusoidal interference term with
respect to & with amplitude 2/,, hence creating the interference pattern. On the other hand,
if £ and w are unequal, then the average of the cross term in time vanishes and therefore we
have 2Re[I'] = 0. Therefore we note that |I'| is a good measure for the coherence of two light
beams, equating to Iy for coherent light with equal amplitudes and zero for incoherent light.
I' is given the name mutual coherence function. The division of |I'| by v/I4lp then gives
|7], which equates to unity for coherent light and zero for incoherent light, getting the absolute
intensity of the light beams out of the way and only focussing on how coherent they are. 7 is
called the degree of coherence.

Now that we have convinced ourselves that || is a good measure of coherence, we only need
to formulate a relation between  and || to show that 7 is indeed also a good measure for
coherence. Noting that the extrema of Re [§] is given as £|7|, we have the extrema of I as

[max = IA + ]B + 2 V [AIB|:Y’7 Imin = IA + IB -2 V IAIB’:YL (383)

and therefore using equation , we have

v = |2VIaIa/(La+ Ia)] 1. (38.4)

where, in the case where the two beams of light are equal in amplitude, such as the beams in
a Michelson interferometer, we set [4 = Ig, and then 7 equates to || exactly.

Summary

1. Light sources have a finite coherence time t., which means that they have a finite coherence
length ¢. = ¢ x t.. This can be measured by a Fourier-transform spectrometer: when
the spatial variations vanish, then the optical path length difference A is equal to the
coherence length /..

2. Light sources will usually contain a line-broadening effect: the lineshapes are not exactly
Dirac-deltas. This means that the intensity distribution on the Fourier-Transform spec-
trometer will have spatial oscillations decaying, with the envelope of this decay dependent
on the lineshape of the light source.
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3. The modulus of the degree of coherence ¥ = (uaug'),/vIalp is a good measure of
coherence between two light beams A and B. The degree of coherence and the visibility
is linked by

v = [2VIals/(La + 1) 3], (38.5)

and therefore visibility is also a good measure of coherence.

§39. Doppler Broadening

Effect of a Moving Source on the Emitted Light

We have discussed some generalities in the effect of line-broadening in the previous section. We
have stated that all sources have this effect without explaining why. This section presents one
reason: that is, for a light source such as a discharge lamp, the atoms in the lamp that emits
the light all move at individual velocities v, following Maxwell’s distribution

) o e v/’ v = \/2kgT/m. (39.1)

This means that although the light emitted by each atom have the same frequency viewed
in the rest from of these individual atoms, when they hit the detector their frequencies will
be Doppler shifted. This effect is called Doppler broadening and the following discussion
quantifies this.

We first investigate into the deviations in wavenumber caused by this effect. Recall that each

photon has an energy
E = hV() = hCﬂO (392)

and a momentum

p = Efc = hiy, (39.3)

where vy and 7 are the frequency and wavenumber of the photon viewed in the rest frame of
the atom. If the atom then moves away from the detector at a speed v, then it is clear that
the relation between the energy and momentum of the photon seen by the detector and that
of the atom’s rest frame is given by

hv\ _ (v B\ (hin v B 1
<h5> - (ﬁv fy) <h170)’ b= 17 (30.4)

an inverse Lorentz transform. Explicitly performing the matrix multiplication, we have the
relationship

v o= By + = (14 B)(1 -5 2 A (1+ B (39.5)

for small 3, or
b0 = " (39.6)
c

Now we have a link between the velocity of the atom and the wavenumber of the atom, we are
ready to see the effect of viewing such a source on a Michelson interferometer.

Fringe Pattern Seen by the Michelson Interferometer

Now that we have a link between v and v, we are able to utilise Maxwell’s distribution to write
down the lineshape of the source by simply replacing v with (7 — )¢/ using equation B9.6,
giving a Gaussian

47'(25021]&12 o 87T2]€BT

S x e—(l?—l?o)202/(’l}th2’702) — e*(k*kO)z/I12 F2 = = .
) C2 mc2)\02

(39.7)
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Here we have used the relationship v = 1/A = k/(2m). However what we would really want
to know is the intensity of the fringes with respect to the optical path length difference A. To
do this we consider an inverse Fourier transform of the Gaussian to give

I(A) = (I) = F&'[S] x Q(A)e (IA/»7, (39.8)

ditching the component caused by kg as that gives us the quick oscillating fringes into Q(A4),
which we are not particularly interested in. Therefore, the envelope of the fast oscillations of
the fringes seen by the detector is given as
I(A) = Io+ e (P47, (39.9)
We inspect from figures and that a source that is line-broadened creates a similar
pattern to the effect of finite coherence length, and therefore people usually define a coherence
length for a line-broadened source analogously, that is, define the coherence length when the
quick oscillations disappears as seen by the Michelson interferometer. However in the case of
Doppler broadening, the quick oscillations do not vanish entirely, which creates a problem in
defining the coherence length of the source. This is done differently in different literature. One
such definition of the coherence length ¢, is the value of A such that the envelope is 1/e the
width of the A = 0 intensity, i. e.
(. = 21 (39.10)

Note that this logic can also be applied backwards, i. e. we can infer, for example, the temper-
ature of the discharge lamp by looking at the fringes. To do so, we collect the intensity data
against A and record /., then use this to determine I'. Then, the temperature of the lamp is

given as
2 122
mcI'“ )\
T = ———. 39.11
87T2]€B ( )
Of course, the source may also be objects other than a discharge lamp, such as a distant star,
but the same recipe applies. Note that the Gaussian envelope detected by the Fourier transform
spectrometer can also serve as an experimental evidence of Maxwell’s distribution of velocities

in kinetic theory.

Summary

1. For a source emitting light with wavenumber 74y in its rest frame that is moving away
from a detector at a velocity v, the wavenumber detected 7 and 7, follows the relation

vV — 0 = ’Uﬂo/C. (3912)

For light from a discharge lamp each photon suffers from this, causing an envelope in the
fringe pattern. This effect is called Doppler broadening.

2. We may define the coherence length /. = 2I'~! as the value of A such that the envelope
is 1/e the width of the A = 0 intensity. Then, the temperature of the source is given by

mec? 2 \?
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§40. Aether Drift (Michelson-Morley) Experiment

The aether drift experiment is probably the most famous experiment done with the Michelson
interferometer, which demonstrated that aether, or the hypothetical unique medium of light
which light travels at a speed ¢ with respect to, does not exist, instead light travels at a speed
¢ with respect to all reference frames.

To demonstrate how the experiment works, let us write down a few results predicted by a
theory of space-time with aether. It is usually thought that the aether frame is stationary with
respect to the Sun, and therefore if we build an Michelson interferometer on Earth, then the
whole apparatus travels at a speed v, where v is the speed of the rotation of the point on Earth
where the apparatus is located with respect to the Sun (hence taking both the orbital and
rotational motion of the Earth into account). Let us point that velocity parallel to line that
extends from the beam splitter to mirror Ms. Then, the apparatus travels in space as the light
travels across the apparatus, demonstrated in figure {0.1.

Let us set the distances from the beam splitter to both mirrors M; and M, as L in the lab
frame. By the geometry of the light travelling towards mirror M;, we have the time ¢; of the
light travelling towards M, as
2 2 2 L
L+ (vt))” = (ct1)” = | = ——— (40.1)

N

and therefore the optical path length of the light bouncing off at mirror M is given as

OPL, — 2t — 2cx ——~ o142 (40.2)

1 1 =2 ¢
in the limit v < ¢. For light travelling to the second mirror, light has to first “chase up” with
the mirror M,, then “meet up” with the beam splitter, where both the mirror and the beam
splitter is travelling with a speed v; and therefore light travels through an optical path length

L L L 2
OPL, = x ¢+ xc = 2 x = oL(1+=). (40.3)
c—v c+wv c? — 2 c?
This gives the difference in optical path lengths as
A = L/, (40.4)

and therefore the speed of the apparatus is

v = c\/A/L. (40.5)

From this let us determine the lowest detectable speed of the laboratory frame with respect
to the aether frame, if we compare the fringe pattern with the fringe pattern with v = 0,
achieved by rotating the setup which floats on a giant pool of mercury. Say that we are able
to distinguish the intensity change out of port 1 if it is deviated from the maximum by 0.01
times the separation between consecutive maxima, i. e. our criterion for distinguishability is
A > 0.01\. If we then equip L = 11m which is close to the historical apparatus, and
send light with wavelength A = 440nm into the interferometer, then we have the range of
detectable speeds as

v > 6000ms " (40.6)
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mirror M;

\ v
L '
por -
u, I, 2Vt |
beam Y mirror M,
splitter
u; 1,
port 1

Figure 40.1: A demonstration of Michelson-Morley experiment. The grey apparatuses indicates
the apparatuses travelled in time.
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Note that the orbital speed of Earth about the Sun is 30000 ms~*, and therefore if there is an
aether frame, the apparatus would detect a corresponding fringe shift. However nothing is found
with the experiment repeated many times, which therefore motivated the theory of special rela-
tivity, a theory of space-time that predicts no aether frame. This is very inspiring, as it reveals
that a null-experiment — an experiment with a negative outcome — motivates a new theory
in physics; and therefore not only experiments with positive outcomes are important in physics.

Summary

1. The aether drift experiment is able to detect any measurable difference between the frame
of the Earth and the frame of the aether with v > 6000ms~!, which is much smaller
than the theoretical speed of the Earth with respect to the aether frame, if aether does
exist. This is not experimentally detected, which suggests that there is no aether at all,
and thus motivated the theory of special relativity.

§41. Haidinger (Equal Inclination) Fringes

Haidinger (Equal Inclination) Fringes

I have made a promise in §37 that we will have a look at a variety of uses of the Michelson
interferometer, where the first variation of uses involves keeping d constant and just look at
the output, but not only at exactly the output, but also at the small angles around it, and see
whether we can see fringes.

To analyse this, we think about the mirror M; as if it is rotated about the beam splitter
to the same axis as the mirror Ms, giving MY, and port 1 rotated onto the same axis, giving
port 1’, demonstrated by figure . After this imaginary rotation, now the difference between
distances from the beam splitter to M; and M, d, becomes the perpendicular distance from
M{ to M. We then view the fringes by focusing it with a lens with a focal length f, which
means that the image will be formed at a distance p = f# from the principal axis of the
lens. Note that the setup has cylindrical symmetry: if we were to rotate the system about the
normal axis, the physics would remain unchanged. Therefore, the lens actually focuses light
onto circles, i. e. we shall see circular fringes, or Haidinger Fringes.

Note that by the geometry of the setup (which is sketched on figure ), it is clear that
the phase difference caused by this reflection for rays at a small inclination angle 6 about the
normal has an additional phase shift

§ = 2kdcosb, (41.1)

which gives an intensity pattern

2

1(0) = [O}l—l—ei‘S = Inax c0s” (0/2) = Iax cos® (kdcos). (41.2)

Note that the intensity pattern is only dependent on the inclination angle 6, and therefore
equal angles 6 would correspond to equal intensity; therefore the fringes would trace out loci of
equal inclination, which explains why sometimes Haidinger fringes are called “fringes of equal
inclination”.

By equating the optical path length difference with an integer number of wavelengths, we
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Figure 41.1: The setup that shows Haidinger fringes, or fringes of equal inclination.

have the location of maxima at

2 2
AOPL = 2dcosf, = pA = p\ = 2d<1-%}) ::Qd( -£?5>, (41.3)

where we assume that € is small. This result can be easily verified by equation . Here p,
represents radii corresponding to bright fringes with order p. Note that in this setup, 6 being
close to 0 corresponds to the order p at a maximum instead of p = 0 in a transmission grating,
as # = 0 means that the phase difference between the two interfering beams are at a maximum
path difference 2d, just by looking at the geometry of the setup.

Localisation of Haidinger Fringes

We have previously viewed Haidinger’s fringes using a thin lens and we look at the image at the
focal length of the thin lens f, which means that we assume that the image is formed at infinity.
However we would like to find out whether we actually need to do that, which is illustrated by
figure @

We note that, in order to see fringes of equal inclination, we would like to spatially sepa-
rate light exiting towards different angles. For an extended light source, illustrated by the top
figure of figure B1.2, this cannot be done unless we are at a very far distance away from the
two mirrors compared to the size of the extended light source, otherwise the different angles
are not spatially separated and are cluttered at the same spatial position. However for a single
source, illustrated by the bottom figure of figure , different angles are separated spatially
quite quickly after the light emerges from the two mirrors. As a result, we have to use a lens
to focus at infinity for an extended light source, and this is not necessary for a single source:
we can intercept the output light with a screen and see the fringes projected on the screen.
The nomenclature that describes the type of fringes formed of an extended source is fringes
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from different angles)
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need to go to infinity
single source FRINGES NOT LOCALISED
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\
\
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\
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Figure 41.2: Localisation of Haidinger fringes for an extended source and a point source.
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localised at infinity, and the nomenclature that describes the type of fringes formed of a
point source is that the fringes are not localised.

Summary

1. We are able to see circular Haidinger fringes for a Michelson interferometer, where the
intensity distribution is dependent on the angle of inclination only, and thus the name
“fringes of equal inclination”. The p'" order maxima has radii

92 p2
A = 2d(1—7p> _ 2d(1—2—]’22>, (41.4)

if the output is focussed by a lens with focal length f.

2. If the source that inputs into the Michelson interferometer is extended, then the fringes
will be localised at infinity and has to be focussed by a lens with focal length f or be
viewed at a very large distance compared to the size of the extended source. If the
source is a point source, then the fringes will be not be localised, and can be viewed by
intercepting the light with a screen.

§42. Fizeau (Equal Thickness) Fringes

Fizeau Fringes for Point Sources

We now set the Michelson interferometer to the third setup, where we set d = 0 and the
mirrors wedged by a small angle @ with respect to each other. Again the best way to think
about this is to imagine that we rotate the mirror M; to M] such that we are viewing M; and
M, together, and we also imagine that we rotate port 1 to port 1’, so that we have everything
on the same axis. This is demonstrated in figure .

Let us first investigate into the case where we have a point source P illuminating the two
mirrors, at a distance D from the centre of the two wedged mirrors, where D takes into ac-
count of both the distance from the point source to the beam splitter and the distance from the
beam splitter to the two mirrors. We shall now mirror image the point source by the wedged
mirrors M{ and M, and we find two imaginary sources P/ and P,. Just by tracing through
the geometry (which takes a few steps), we find that the transverse distance between P/ and
P, is given by 2D ® — note that since @ is very small, 2D® < D in reality: figure is a
figure that exaggerates this distance greatly.

We now note that we have fringes from the interference from the two imaginary sources P/
and P, which are fringes that emerges from a pair of slits. These fringes can be intercepted
anywhere — they are not localised. For the ray emerging at a an angle 6, since the path
difference between P/ and P; is 2D @0 for small s, we have the condition of maxima

pA = 2D &0, (42.1)

where p is an integer. Note that since the mirrors are now wedged, the cylindrical symmetry
in the Haidinger fringes setup is now lost, and therefore we see straight fringes. If we then
look at the fringes at a distance ¥ away, then we have the transverse distance x satisfying

0 = 2/, and therefore the maxima are located at
9
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Figure 42.1: Generating Fizeau fringes for a point source.

Of course, if Z is smaller than D, then we have apparatus in the way, and therefore it is
physically difficult to view fringes there. The method to use is usually to select a lens that
focuses on fringes at that distance, i. e. place a lens with a focal length f that is L away from
the centre of mirrors M{ and M,, and look at the lens at a distance v away where

1 1 1

A R (42.3)

to see fringes at a distance 2 from the centre of M{ and M.

Fizeau Fringes of Extended Sources, or Fringes of Equal Thickness

If we change the point sources into extended sources, like figure §2.2, then the imaginary sources
will be large blocks that are not spatially separated. As a result, there is no way that we can see
fringes that are not localised, or, in fact, whether we are able to see any fringes at all. However
there is a solution to this problem, which is to consider the light from the extended source
collimated and directed towards the wedged mirrors along the line that extends from the beam
splitter to the middle of the two mirrors. We shall also assume that @ is so small that the light
will not be deflected from the normal upon reflection or refraction (which figure §2.3 has @ too
large, so this assumption certainly does not hold true and the light will certainly be deflected:
the rays sketched in figure §2.3 is quite an exaggeration). Then, light at spatial distance z
across the collimated beam from the centre of the wedged mirrors will have a difference in the
optical path length 2®x between the beam that is reflected upon M{ and M, dependent on the
transverse distance x. The two rays that are reflected off M| and M, then interferes, giving
maxima at

pA = 24z, (42.4)

therefore we will still see straight fringes. Note that the condition is only dependent on 2z,
which are the distances between the wedged mirrors, or “thicknesses”, and therefore each bright
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Figure 42.2: Inability of extended sources to create fringes that are not localised.
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Figure 42.3: Fizeau fringes, or fringes of equal thickness, of an extended source.

fringe corresponds to sections on the wedged mirror with the same “thickness”. That is why
Fizeau fringes of this kind is also referred to as “fringes of equal thickness”.

Finally we shall note that, in reality, no matter how small @ is, there will always be a non-
negligible deviation of the ray from the axis that links the beam splitter and the wedged mirrors.
As a result, if we are intercepting the beam away from the mirrors, then we shall see no fringes
at all, as fringes emerged at different thickness will mix together as they will travel out with
different angles. This means we have to look at the beam on the wedged mirrors, which is
achieved by placing a lens such that the lens images exactly the wedged mirrors. This can be
verified as setting D = & in equation U2.2 gives exactly equation @, so that the two-slit in-
terference fringes and the fringes of equal thickness coincide — and they must be, as we have the
interference between two beams originating from one point source, and hence it can only give
one set of fringes. Thus, Fizeau fringes of an extended source is localised on the wedged mirrors.

Summary
We shall summarise the properties of the Fizeau fringes first, and then we shall pull the different
types of fringes observable on the Michelson interferometer altogether.

1. Fizeau fringes for point sources are straight fringes that are not localised, same as two-slit
interference fringes.

2. Fizeau fringes for extended sources are straight fringes that are localised on the wedged
mirrors. They are also called fringes of equal thickness, which suggests that the fringes
traces out equal distances between the wedged mirrors.

We now tabulate all the fringes observable on the Michelson interferometer.
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Haidinger fringes setup Fizeau fringes setup
§y1f, figure U1.1 §@, figure ¥2.1]
not localised, circular not localised, straight
localised at infinity, circular | localised at the wedged mirrors, straight

point source
extended source
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&  FABRY-PEROT ETALON AND FABRY-PEROT INTERFEROMETER

§43. Fabry-Perot Etalon and Fabry-Perot Interferometer

The next device for the separation of wavelengths that we are going to look into is the Fabry-
Perot etalon and the Fabry-Perot Interferometer, which is constructed with two very reflective
mirrors with reflectivity (intensity of light reflected / intensity of light incident) R = r? and
transmissivity (intensity of light transmitted / intensity of light incident) T = ¢* mounted
parallel to each other at a distance d apart, with incident light shining on the interferometer at
a small angle 6. If d is adjustable by, for example, a piezoelectric, then the apparatus is called
a Fabry-Perot interferometer, otherwise if d is fixed then it is called a Fabry-Perot etalon. Here
r and t are the change in scalar amplitudes when light is reflected or transmitted from the
mirror, noting that some Fabry-Perot interferometers are air-spaced, so it can be possible that
r carries a 7 phase change and therefore is negative.

The intensity detected by the Fabry-Perot arises from the interference between the infinite
number of light rays transmitted through the etalon, as illustrated in figure ¥3.1. Again, we
have cylindrical symmetry, and as a result, we should see circular fringes. If the input is an
extended source, then the image is formed at infinity, exactly the same as Haidinger’s fringes
in a Michelson interferometer. We_shall now work out the intensity distribution as a function
of 6. Note that, as discussed in §41|, the phase change per round-trip between the mirrors is
given by 0 = 2kdcosf = 2nkydcosf, where ky is the wavenumber of the light in vacuum
and n is the refractive index of the material between the mirrors. As a result, the transmitted
scalar amplitude is given as

1

1_—7‘.2615. (43.1)

(o)
. om
u = upt’e E (rQe“S) = upt? X
=0

Using I = w*u, this gives an intensity
1 n\/}_%
F Imax = 3
9T . 5 29 1— R’ Up Ug <
1+ |——sin 3

max X

1 fR)Q. (43.2)

T

The graph of the intensity I against the phase change per round trip ¢ is shown in figure .
Note that, if the mirrors are ideal and have no losses i. e. R+ T = 1, then [,,x = ugug.
In reality this is impossible and a large fraction of light is absorbed by the mirrors, where the
energy carried by the electromagnetic radiation is transferred into heat. .# is called the finesse
of the interferometer and is dependent on the quality of the mirrors used, and the larger the
finesse, the sharper the fringes. This is demonstrated in figure #13.2.

Summary

1. The Fabry-Perot etalon or Fabry-Perot interferometer is made of two highly reflective
mirrors with high reflectivity. If an extended source is used to generate the image, then
we will see circular fringes localised at infinity. The finesse .# = mv/R/(1 — R) represents
the sharpness of the fringes, where the larger the finesse, the sharper the fringes.
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Figure 43.1: A Fabry-Perot interferometer.
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Figure 43.2: The intensity of a Fabry-Perot interferometer against the phase change per round-
trip.

§44. Analysis of the Fringes of a Fabry-Perot Etalon

Radii of Fringes

We are interested in the radii of fringes of the Fabry-Perot etalon. Let us use the wavelength
in the material between the mirrors here instead of the wavelength in a vacuum, then for the
formation of a bright fringe, the geometrical path length must equate to an integer number p
times the wavelength. Also let us focus the fringes onto a detector using a lens with a focal
length f. This gives the condition on the angle 0, and the radii p, of the fringes on the detector

" 9172 pp2

for small 6,5, i. e. located at exactly the same place at the Haidinger’s fringes of a_Michelson
interferometer. This can be verified by minimising the denominator of equation ¥3.2, which

means setting 6/2 = pm, giving exactly the same condition. Note that again, same as
Haidinger’s fringes, p is maximised near # = 0, instead of minimised as in a diffraction
grating. Also when 6, is small, then cosf, = 1, and hence usually pA 2d is a good

approximation that we shall utilise in the calculations involving Fabry-Perot etalons. The plot
of the intensity against the radius and the squared radius is shown in figure @4.1. The circular
fringes seen in a Fabry-Perot etalon is shown in figure 4.2.

Separation of Wavelengths

Let us now attempt to resolve two very close wavelengths A and A from an image , where light
with wavelength A has a maximum with p™ order at radius p, and the light with wavelength A
has a maximum with p™® order at radius r,. This is illustrated in Figure §4.3, and a computer
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Figure 44.1: The intensity of the image on the detector against radius p and squared radius p?.
Here we select .# = 30,d = 7mm, f = 0.1m, and A = 6438 A.
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Figure 44.2: The circular fringes in a Fabry-Perot etalon.
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Figure 44.3: Reading off radii from the Fabry-Perot etalon. This image shows the wavelengths
corresponding to the Zeeman splitting of the cadmium red (5'Dy — 5'P;) transition under
a magnetic field. The middle ring has a wavelength of 6438 A. As we are only discussing
separating two wavelengths instead of three, we shall only use the rings corresponding to the
lowest and highest wavelengths.
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Figure 44.4: The intensity of the image consisted of a source with two wavelengths on the
detector against radius p and squared radius p?. Here we select .# = 30, d = T7mm,
f = 01m, and A\ = 6438A and A = 6438.11 A.
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simulation of the intensity distribution of a source with two wavelengths is illustrated in figure
14.4. From the image, we read off the radii of the p™ and (p + l)th order. Without loss of
generality let us set 4 > A. Our goal would be to find the difference in wavenumber

A7 = 1/A—1/4 (44.2)

between A\ and A. Using equation , we are able to write down the following equations for
the p™ and (p+ 1)"™ order maxima

2d( —p—ff) = A, (44.3)

2 f2

Tt
2d< - 2—f2> = pA, (44.4)
2d(1 _ f’;}f) — (p+ 1A, (44.5)
Zd(l — rg}f) = (p+1)A. (44.6)

Rearranging the first three equations, we have

eqn. 4.3 —eqn. g4.4  pl—r7 1 p(A—]A) (44.7)
eqn. p4.3 — eqn. 4.5 p2 —ppi A '

Multiplying both sides with 1/4 and utilising equation and the approximation pA = 2d

gives
2

1 P2 —r
Av = —x 2P 44.8
2d  pg — ppit? ( )
Therefore we have successfully found the difference in wavenumbers of the two colours that we
are looking for. However there are further complications, which will be discussed in the next
section.

Summary

1. The location of p'™ maxima is at radii p,

2
2d( —2”—;;2) = pA, (44.9)

where the order p is maximised when p, is closest to 0. For small p,s, we can approximate
pA = 2d.

2. To find the difference in wavenumbers of the two wavelengths sent into the Fabry-Perot
interferometer, we first locate the p™ and (p + 1)™ maxima and find their radii. Then we
can find the difference using the relation

AV = — X

_ 44.10
2d Pp2 - Pp+12 ( )
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§45. Instrumental Range and Width of a Fabry-Perot Etalon

We are now able to find the difference in wavenumbers of the two wavelengths that we send
into the Fabry-Perot etalon. However note that, similar to a grating, there are upper and lower
limits of Av that we can input for determination of Ar, which we shall discuss now.

Instrumental Range of a Fabry-Perot Etalon

Our master equation §4.§ can only work if we are certain that the rings that are taken from
figure §4.3 are with orders p and p+1. We are only sure about this if A7 is not too large, so that
we keep the radius r, larger than p,, ;. This means that the largest resolvable wavenumber. or

the instrumental range (free spectral range), is given by setting r, = p,4; in equation , i.
e.

FSR, = 1/(2d). (45.1)

Note that even if we have Av < FSRj, there is still an ambiguity. We have previously stated
that we assume A > X without loss of generality, yet when we are looking at the fringes, we
are unable to locate whether the rings that we identify as A and A has this condition 4 > A. If
it is indeed the other way round, then r, labelled in figure is in fact 141, @S Tp11 > pPpi1
if A < A. In this case, we have

eqn. ¢4.0 — eqn. @45 Ppil — Tpit i (p+1)(A—A) (45.2)
eqn. B4.3 — eqn. 4.5 Pp+12 — P A ‘ '

Then, noting that since p is large, p ~ p + 1, and therefore we may use the approximation
(p+1)A = 2d, and hence
—/ 1 7ﬂp+12 - pp+12
2d Pp — Pp+1
To check whether the difference in wavenumbers is A or A7, we will need to change the dis-
tance between the mirrors d, and see which one of the wavenumber difference can be retrieved.

Instrumental Width and Chromatic Resolving Power of a Fabry-Perot Etalon

We shall now look into the lowest difference in 7 we can distinguish, i. e. the instrumental
width INST;. To find that we recall the Rayleigh criterion: the two wavelengths are indis-
tinguishable if their separation is smaller than the width of each individual peak. To find the
width of each peak, we need to find the full-width at half-maxima of the intensity distribution,
equation {3.2

1
I = Iy X . (45.4)
{2? ) (5)]
1+ |—sin| =
T 2
For I = [,.x/2, it is clear that we require
2.7 )

—sin| =) = 1. 45.5
—sin (2> (45.5)

We then set § close to a peak, i. e. § = 2pm+ INST;/2, or §/2 = pm+ INSTs/4, where p is
an integer, then we expand equation about 6/2 = pm to first order, giving

27 . d [27# . (¢ INSTs .7 1
—sin (pm) + {d(5/2) {7 sin <§>} }5/2:pn X—f— = =% INSTs = 1, (45.6)
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giving INSTs = 27/ %. Then, since 6 = 2kdcosf = 4mdcosf is linear on v, we have

FSR; _ FSRs — # = INST, — 1

INST; INST; 2F7d (457)

Here we have used the fact that the when the phase difference between the two wavelengths
is FSRy, the difference in § is too large such that the two rings are crossing each other, and
therefore we have a phase difference of 27, i. e. FSRs = 27t. With this, the chromatic resolving
power is given as

P = INSTD — 2Fdv = Fp, (45.8)
using the approximation 2d = pA = p/v again. To illustrate the power of a Fabry-Perot
etalon, we compare the etalon with a grating, which has a chromatic resolving power of Np,
with IV in the range of 103. Note that very good etalons also have .# in the range of 103 so
they draw on this battle. However note that the grating has a maximum diffraction order of
order unity, but an etalon can have a diffraction order p = 2d/\ on the magnitude of 10°.
Therefore an etalon has a much higher refraction power.

Finally, from the relation
FSRs;/INSTs = Z, (45.9)

we have an interesting and sometimes handy interpretation of the finesse: it is the ratio of the
separation between consecutive maxima and the width of a single maxima in figure 43.2.

Summary

1. A Fabry-Perot etalon has an instrumental range FSR; = 1/(2d). Even if we have
Av < FSR; we could still have an ambiguity as we are unsure of the wavelengths
corresponding to the two set of rings. The other wavenumber separation is given as

1 2 2
AF = o x %. (45.10)
p P

To resolve this ambiguity we need to change the distance between mirrors d.

2. A Fabry-Perot etalon has an instrumental range INST; = 1/(2.%#d), and a resolving
power % p, which is much larger than a grating.

§46. Linearisation of the Intensity Pattern of a Fabry-Perot Etalon

Linearisation of the Intensity Pattern of a Fabry-Perot Etalon

We shall note that, from figure {4.1 and {4.4, the intensity of a Fabry-Perot is not linear on
the radius p. However we shall note that it is linear on p?. Therefore it makes a lot of sense
to analyse the pattern with respect to p? instead of p; or, since p = 6/f, we may analyse the
pattern in 6. Since we have the condition in maximum

pA = 2dcosb, = U = %SGCQ, (46.1)

upon expansion of sec 6, we yield

1
v = %(HE@?). (46.2)
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Figure 46.1: The intensity plot of the Fabry-Perot etalon of two distinct wavelengths A and A
against 6 = 2dcos@.

We therefore note that
dv P
_— = — 46.3
d(6,?) 2d’ ( )

i. e. the wavenumber 7 is linear on 6,7. This is called the dispersion relation.

Using the dispersion relation, we are able to calculate the free spectral range in another way.
Since we can calculate 7 from both the p'* and (p + 1)th order fringe, we have, from equation
46.5,

ddv = p[2+(6,)°] = (p+1)[2+ (0,41)7], (46.4)
giving
FSRpz = (6,)" = (6p41)" = 2/p (46.5)

in the limit where p > 1. Therefore, just by seeing the FSRy2 as an error on 6,, and using
the error correction formula to propagate this error to 7, we have

dv P
FSRyp: = — = —. 46.
d(0p2> X SR@ X ( 66)

2
FSRD - —
4d p 2d

This equation also gives us an alternative way of analysing the pattern originated from two
wavelengths from a Fabry-Perot etalon. If we have an intensity plot with respect to the phase
2d cos 6, then we are able to measure the difference in phase between two orders and between
two wavelengths within the same order. Let us label them A and B respectively. Then, we

have
B p(A—X) p(A—A)
A (p+ 1)\ —pA A (46.7)
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Then, using the relationship Av = 1/A —1/4 and pA = 1/(2d) = FSR,, by dividing
through A, we yield
A = (B/A) x FSR,, (46.8)

which is yet another method that allows us to find the difference in wavenumbers of the two
wavelengths.

Instrumental Range as the Smallest Wavenumber Allowed for a Standing Wave
We shall note that the instrumental range

FSR, = 1/(2d) (46.9)

is the reciprocal of twice the distance between mirrors. Note that, if we are to fix a standing
wave between the two mirrors, then the allowed wavelengths is

Ap = 1/(2dp), (46.10)
and therefore the allowed wavenumber is
v, = 1/A, = px2d = pxFSRy, (46.11)

i. e. the instrumental range is the smallest wavenumber allowed for a standing wave between
the two mirrors, and any higher order standing wave must have a wavenumber as an integer
number of the instrumental range.

Summary

1. The intensity pattern of the Fabry-Perot etalon can be linearised if we plot the intensity
with respect to 6,2. This allows us to develop an alternative derivation for the expression
of the instrumental range of the Fabry-Perot etalon.

2. The instrumental range is the smallest wavenumber allowed for a standing wave between
the two mirrors, and any higher order standing wave must have a wavenumber as an
integer number of the instrumental range.

§47. Cavity Round-Trip in a Fabry-Perot Etalon

Light as a Self-Consistent Steady State

An alternative method of using the Fabry-Perot is a “trap” for a light ray, containing a circu-
lating light inside the two mirrors. We then equip the scalar amplitude of the light at different
parts of the cavity as uy, us, uz, and uy, as denoted in figure #7.1. The four scalar amplitudes
are then

up = tug +rug, us = €%, uz = rus, uy; = uze®?. (47.1)

Substituting everything into the equation for u;, we have

fue 4 7260 tug . ugt?e
Up = tUg re up = Uy = ——5—= = U = tuy = ——F—=
1 — r2eid 1 — r2eid’

(47.2)

agreeing with equation up to an overall phase.
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Figure 47.1: Light in a self-consistent steady state.

Reflected Intensity and Energy Conservation
We are also able to find the reflected scalar amplitude u,., shown in figure . This is given
as

ugrt?eld
= — tugy = — —_— . 47.3
u U + tuy o+ T 55 (47.3)
Multiplying it by its complex conjugate, we have the reflected intensity as
2R(1 — cosé 1
= (1 — cos9) (47.4)

DO

which after addition with equation , under the condition where R+ T = 1, gives [y, and
therefore the energy is conserved.

Finesse and the Number of Reflections

We shall now consider the ability of a Fabry-Perot cavity to trap light. Since each time the
light reflects, the intensity decreases by a factor of R, after m bounces the intensity remaining
in the cavity is given as

I, = I\R™ ~ Ije (-Bm (47.5)
for R close to unity i. e. 1 — R close to 0. As a result, the intensity decreases to Iy/e after
(1 - R)™" = .7 /m reflections, and therefore the finesse . is also characteristic of the number

of reflections light stays in the cavity.

Summary

1. Light in a Fabry-Perot cavity can be thought as a self-consistent steady state. By con-
sidering it as such we obtain the scalar amplitude agreeing with equation up to an
overall phase.
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2. We can also obtain the reflected scalar amplitude, which we can find the corresponding
intensity, which if the mirrors are lossless, then the reflected and transmitted intensity
adds up to the incident intensity, hence showing the conservation of energy.

3. The finesse characterises the ability of a Fabry-Perot cavity in trapping light: the intensity
will decay by a factor of 1/e after (1 — R)™" = .#/m reflections from the mirror.
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9 MuLTI-LAYER COATINGS

§48. Light Propagation in a Multi-Layer Coating

When light enters a region with a different refractive index, it is general that some light is
reflected and some light is transmitted. However, for example when one is wearing glasses,
most of the light turns out to be transmitted through the glass and only a very small fraction
of the light is reflected. This is achieved by placing multi-layer coatings between the glass and
air, and in this part we investigate into the use of this technology.

Boundary Conditions

We consider a light ray from a medium with refractive index ny = 1 and impedance Z,
incident on a dielectric medium with refractive index n; and impedance Z;. Let the light ray
be equipped with electric and magnetic fields with parallel components Ey and Hy before it
hits the boundary, and F; and H; after it hits the boundary. Also equip the reflected light
with fields Fy, Hy, F{, and H{. This is shown in figure 48.1. Note that, since the parallel
components of E and H must be continuous at the boundary due to Maxwell’s equations, we
must have

Eo + Eo/ = E1 + Ell; (481)
HO - HO/ - Hl - Hll. (482)
Using the relation
Zy _ /mof(eosr) 1 mg

5T e T (48.3)

for non-magnetic media and the fact that the impedance is the ratio of electric and magnetic
fields, we may reform equation U8.2 into

Ey— E{ = %(E1 — EY). (48.4)
0

By adding and subtracting equations and , we are able to construct a matrix equation

Eq o FE; . 1 1+n1/n0 1—711/710
(EO,) - %01 (Ell) ) %01 - 5 (1 . nl/n(] 1 4 nl/no (485)
which relates the electric fields of light at the boundary between the two media.

Pile of Dielectric Layers

We shall now consider light propagating through a pile of dielectric layers with refractive in-
dices n,, and thickness d,, instead of a single layer, coming from air and ending up in glass with
refractive index np. This configuration is shown in figure §8.2. We shall assume no reflected
light inside the glass.

When light travels in the m'" layer, the electric field of the light leaving the layer picks up
a phase shift term e*m%m compared to the the electric field of the light entering that layer, i. e.

E(z+dy) = " B(2); (48.6)
E(Z)/ _ eikmd7rLE'(Z+dm)/ = E(Z+dm)/ — e_ikmde(Z)/.
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Figure 48.1: Light incident on a boundary between two media.
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Figure 48.2: Light propagating through a pile of dielectric layers. Here the labels E, H, E’, and
H' denotes the F and H fields on the left end of the layer — after transmission through the
layer these fields will then be phase shifted.
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Note that here k,, is the wavenumber of the light inside the medium i. e. n,,, times the wavenum-
ber in a vacuum. We may also cast this into matrix form, giving

E(z)\ _ E(z+dy) e hmdn 0

<E(z)/> — ﬂdm (E(Z + dm)l ’ %dm — 0 eikmdm . (488)

Then, the transmitted electric field £t and the incident and reflected electric fields Fy and Ej
are thus related by

5)-EDE) - @) @) (L)
(48.9)

Practically we would like to design anti-reflection (AR) and high-reflection (HR) dielectric
coatings, that is, to minimise or maximise the reflection coefficient

R = |C/AP. (48.10)

We shall take steps to see how this can be achieved.

Summary

1. When light from a medium with refractive index n( hits a dielectric with refractive index
n1, the boundary conditions enforce the outgoing and reflected rays to satisfy the equation

Ey . E o 1 1—|—7”L1/TL0 1—711/710
(Eo/> = My (E11)7 Mo = B <1—n1/n0 14+ m/no ) (48.11)

2. For light travelling through a pile of dielectric layers with refractive indices n,, and
thickness d,,,, we have the matrix equation

k
Ey\ (A B\ [(Er\ _ [ABEr A B\ _
() - (0 () - () (2 0) - (L)
(48.12)
where

efikmdm O
o = (T ). (15.13)

§49. Single Layer Coatings

A Single )\/4 Layer

Now we are acquainted with the basic tools to analyse this problem, we may consider the
simplest type of an anti-reflection (AR) coating. This is constructed by having a single layer of
dielectric with refractive index n between air with refractive index 1 and glass with refractive
index nr. We equip the dielectric with thickness A/4 where A is the wavelength of the light inside
the dielectric and demonstrate that perfect anti-reflection can be achieved with an appropriately
chosen n. Then, using the fact that now

= Fi, (49.1)
we have the matrix defined in equation as

A BY _1(1+n 1-n\ /(=1 0\1/1+np/n 1-ny/n (49.2)
C D) 2\1-n 14nJ\0 i/2\1—=nt/n 1+4+nt/n. '
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A short calculation then gives

A= —%(%nLn), C = —i<n—T—n>, R =

and therefore for perfect anti-reflection (R = 0) we require

n = . (49.4)

Glass has refractive index ny = 1.52 and therefore an optimum anti-reflective material should
have a refractive index n = 1.23. One \/4 layer of commonly used anti-reflective material,
magnesium fluoride, MgF5, has a refractive index n = 1.37 which gives R = 0.011, i. e. the
reflection coefficient can be reduced to about only 1% with a single layer.

A Fabry-Perot Interferometer
We shall then attempt to do a sanity check of our formalism for the reflection coefficient using
the Fabry-Perot interferometer. Let us consider light bouncing between two dielectric with re-
fractive index n in air with refractive index 1. The configuration for a transmission maximum
at normal incidence requires the distance between the dielectric to be an integer multiple of
half-wavelengths, giving e*¢ = +1. We shall attempt to show that this retrieves the reflection
coefficient calculated using equation 17.4:

2R, (1 — cosd) 1

(1—R,)? . 2.7 AN
g 1+[_Sm(_)}
T 2

I, = Iy x (49.5)

(R in equation is displayed by R, here to resolve ambiguity of R) which gives I, = 0
when ¢ is an integer multiple of 27, i. e. the reflected rays destructively interferes giving no
reflected intensity. Let us demonstrate that using our new formalism.

+1 0\l (l+n 1-n
Ef(:;? 1%:;)“”) .
+(1—n) +(14n))’

C = i}LKl—%)(HnH (1+%)(1—n)] _ (49.7)

therefore R = [, = 0 as expected.

Here the matrix defined in in equation is

(&0 =30
)

1
2

1(1+1/n 1—1/n
A4\1-1/n 1+1/n

and hence

Summary

1. For a perfect anti-reflection coating between air with refractive 1 and glass with refractive
index nr, we require a A\/4 layer of n = /nr.

2. Our new formalism is able to verify that the reflected intensity of a Fabry-Perot interfer-
ometer is 0 given that light is at normal incidence and the distance between dielectrics is
an integer multiple of half-wavelengths.
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§50. Impedance Matching

Note that the formalism that we have developed is suitable for describing travelling waves in
a vacuum or in a dielectric, however the mathematical starting points we have selected are
exactly the same as confined electromagnetic waves in a transmission line, with voltage and
current corresponding to the electric and magnetic fields. This thought is inspiring: can we
apply the methods that we employed in the theory of transmission lines to simplify calculations
in an optics context?

To think about impedance matching we must define an appropriate impedance for each layer.
Let us think about a simple case illustrated in figure @ where we have five layers between air
and glass. Let us further simplify the case to assume these layers are all A/4 layers, that is, their
thickness corresponds to one quarter of the wavelength inside these media. It is instructive to
define the impedance in the glass as

ZT = Zo/TLT (501)

as this is the usual definition of impedance. To define suitable impedances for the rest of the
system we recall two results from the theory of \/4-lines:

o for complete transmission of energy we require
Zin = 7%/71 (50.2)

where 7 is the impedance of the line, Zp, is the impedance of the load, and Z;, is the
input impedance;

o the reflection coefficient of a line connected to a load is
R = |(Zy —2.)/(Zy, + Z.)| (50.3)

where Zp, is the impedance of the load and Z. is the combined impedance of the input
impedance and line impedance. For complete transmission we need R = 0, or Z;, = Z.
i. e. impedance matching.

Although we have claimed that these results are “recalled”; they can be proved based on prin-
ciples of optics using the methods in previous sections.

To use these results in the current setup, let us first think of the layer with refractive in-
dex ns as the A/4-line and everything else contributes to the input impedance Zj, 5. We then
define the layer to have an impedance Z; = Z;/ns. Then by equation 0.2 we have

Zin,5 = Z52/ZT7 (504)

where we consider Z5 as the “line impedance” and Zt as the “load impedance”. We then take
one step back and think of the fifth layer and glass as the load and air and the first three
layers as the input impedance. In this case the “combined impedance” in equation H0.3 is Ziy 5
and this therefore must equate to the new load impedance for the suppression of the reflection
coefficient. Then applying equation p0.2 again, we have

Tina = Z&)Zins = (Z4)Zs5)" Zry. (50.5)
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Applying this method repeatedly then yields

Zing = (212525)*)[(Z224)" Z]. (50.6)
Generalising this to 2p and 2p + 1 layers we have
Zing = (2125 Zop1)"Zv)(ZaZs - Zoy)® (50.7)
and
Zingy = (Z2Zy- - ZQp)Q/[<ZIZ3 e ZQp+1>QZT] (50.8)

respectively. Now, since the boundary 01 is exactly the air-coating boundary, we have no “line”.
Therefore, the input impedance Z, ; is therefore the load impedance for the entire system and

equation becomes

R = [(Zing — Zo)/(Zing + Zo)[? (50.9)
Hence, we have the reflection coefficient at the air-coating boundary as
r_ D2y 2oy ) T ) (2o 2 Zy)” — z|
(Z1Z5--- Z2p—1)2ZT/<Z2Z4 : p)2 + Zo (50.10)
2 2
_ no(n2n4"'n2p) - (n1n3 *Nop— 1) nr
no(nang - - 'nzp)2 + (ning - - - ngp— 1)2 nr
for 2p layers and
R - (Z324-++ Z3yp)* | [(Z12s - - Zopi1) Zn] — 2|’
G 1) I o 1] o (50.11)
2 2
_ no(n1n3 n2p+1) nr — (n2n4 n2p)
no(ning - - 'n2p+1) nr + (nong - - n2p>

for 2p + 1 layers. These results can also be obtained directly using the matrix method in the
previous section.

We therefore infer that, to make an anti-reflective coating we require R = 0 and there-
fore we require Zy = Zin1, i. e. we need impedance matching at the 01 boundary. Instead if
we would like to make a mirror, or a high-reflective coating, then we instead need Zy, < Ziy1,
i. e. an impedance mismatch between the 01 boundary.

Summary

1. Using the key thought that, for complete transmission we require the load impedance
equal to the combined contribution of the line and input impedances, we are able to
calculate the reflection coefficient for a multi-layer stack, that are

no(n2n4 e 'n2p)2 - (n1n3 T n2p—1>2nT

R = - - (50.12)
ng(n2n4 s n2p> + (n1n3 s ngp,l) nr

for 2p layers and

2 2
R — ”0(”1”3 o 'n2p+1) nr — (n2n4 o 'n2p)

ng(n1n3 s n2p+1)2nT + (n2n4 ce ngp)2

(50.13)

for 2p + 1 layers.
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Figure 51.1: The reflection coefficient R against the number of layers 2p for a multi-layer
high-reflection coating with ng = 1.00, n, = 1.35, ny = 2.30, and nt = 1.50.

§51. Multi-Layer Stacks

A Multi-Layer High-Reflection Coating
Previously we have looked into a single layer anti-reflection coating, let us see how to extend
this theory to make a multi-layer high-reflection coating.

The simplest way to do this is to consider alternating A/4-layers with refractive indices ny
and ny, with the layer at the air-coating boundary equipped with refractive index ny. We shall
set ny > ny to create the impedance mismatch, and also set the total number of layers to be
2p, that is, p dielectric layers of each refractive index. Then, using equation p0.10, the reflection
coefficient is given as

nén® — nPn.? 2

nEn?P + ngPPng?
To observe an increase in performance for an increase of layers let us adopt the toy parameters
ng = 1.00, n, = 135, nyg = 2.30, and np = 1.50. This relationship in shown in figure
. We observe that the reflection coefficient quickly goes towards 1, with only R = 0.39 for
two layers and R = 0.999 937 for twenty layers, making it a very good high-reflection coating.
As a comparison, aluminium has R =~ 0.88 which is a lot less reflective than the coating that
we have just created.

R = . (51.1)

Interference Filters

The high-reflection coating we have just created is built based on the fact that the layers in be-
tween are \/4-layers. This means that we have to built the coating for one specific wavelength,
and light with other wavelengths behave differently. For example, figure p1.2 is the behaviour
of the coating that we have just created for light with different wavelengths.
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Figure 51.2: The reflection coefficient R against the wavelength A for a multi-layer high-
reflection coating with ng = 1.00, n, = 135, ng = 2.30, and ny = 1.50, built
with A = 4883 nm.
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Figure 51.3: A simple scheme for an interference filter that selects a single wavelength.

We observe that figure have very sharp peaks and troughs, therefore we may pose the
question of whether we can build “interference filters” which blocks some wavelengths (or, is
a high-reflection coating of these wavelengths) and lets other wavelengths through (acts as an

anti-reflection coating).

The answer is yes, and a simple example is a coating that selects one specific wavelength.
Such a filter can be built with two high-reflection coatings on each side sandwiching a \/2-layer

in the middle illustrated in figure . Then, the A/2-layer acts as a solid Fabry-Perot etalon

b1.4

selecting the required wavelength to transmit and reflecting all other wavelengths. Figure

demonstrates the performance of such a filter. Other filters can also be built, such as coatings
that acts as a high-pass filter, band-pass filter, or a “notch” (blocking a specific range of wave-

lengths and letting through the rest).

Summary

1. By depositing a multi-layer coating with alternating \/4-layers with refractive indices
ng and ny, we have impedance mismatch between air and glass, giving a high-reflective

coating with
2
n02nL2p _ nHanT2

R = )
ngn?P + npPng?

(51.2)

2. We are able to create multi-layer interference filters that acts as a high-reflection coating
for some wavelengths and a low-reflection coating for others. Examples of these are filters

that selects a single wavelength, a high-pass, a band-pass, and a “notch” filter.
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Interaction between Atoms and Radiation

10 LASERS

§52. Interaction between Atoms and Radiation

What are Lasers?

To drive a large interferometer, for example a Michelson interferometer with long arm lengths,
we need a light source that provides highly coherent and highly focussed sources of light. This
is usually done by a device called a laser.

We shall now have a look at the principle of lasers. Lasers is a shorthand for light am-
plification by stimulated emission of radiation, where the idea is to trap some atoms or
crystals (or “artificial atoms” in general, as long as they have got some discrete energy levels)
in a cavity, and shoot light into them, making the atoms amplify the incoming radiation such
that the output intensity is larger than the input intensity. To consider how this works, we
need to first consider the interaction between the atoms and light. Then we note that energy
does not come from nowhere — we need to think hard about how to “pump” the atoms i. e. to
put the energy in. Then we need to see how to maintain the light output continuously. Finally
we shall look at why the construction of lasers gives rise to the highly coherent radiation that
we are looking for.

Interactions in a Two-Level System

The core actions of a laser happens between two states |1) and |2) of an atom, and what we
hope is that after we feed in some radiation and some additional energy to the atom, the atom
will de-excite back from |2) to |1), emitting some radiation with this de-excitation, and hence
amplifying the incoming radiation; and the de-excitation will be equipped with exactly the
frequency

Wo1 = (E2 — El)/h, (521)

where E and Ey are the energies corresponding to states |1) and |2) respectively, and hence
the radiation is coherent. The patch of space that contains such atoms is the source of light
amplification, and is called the laser medium. In the two-level system, there are three possible
interactions between the atoms and light. The following scheme sets up a simple model of the
three interactions.

o Absorption: the atoms in state |1) can absorb energy and excite to |2), which has a
rate proportional to the number of atoms in |1), N7, and the energy density at ws;, which
we denote by pen. The constant of proportionality of this process is denoted by the
Einstein’s B-coefficient Bj;. Putting these together, the rate of absorption R, is

Ra = BiaNipem. (52.2)

o Stimulated emission: if the system is incident upon an incoming photon with frequency
w2, then an atom in state |2) may de-excite to |1), emitting another photon to exit the
system coherent with the incoming photon in the same direction. The rate of this process
is proportional to the number of atoms in |2), Ns, and the energy density at w1, pem-
The constant of proportionality is given by another Einstein’s B-coefficient By;. Putting
these together, the rate of absorption Rgr is

Rsr = BaNapem. (52.3)
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Figure 52.1: The three interactions that can occur between a medium of atoms with two states

|1) and |2) and light.

e Spontaneous emission: a more complicated theory of quantum optics suggests that
it is possible to quantise the background electromagnetic field, which would form energy
levels similar to a quantum harmonic oscillator. This means that, even we are dealing with
a complete vacuum, there is a zero point energy, usually called vacuum fluctuations.
This is able to provide some energy to the atoms at the upper level, allowing it to de-excite
into the ground state, where the light exits the system in completely random directions at
random phases. This process is called spontaneous emission. The rate of this process is
proportional to the number of atoms in state |2), N, and the constant of proportionality
of this process is denoted by the Einstein’s A-coefficient A,;. Putting these together,
the rate of absorption Rgp is

The interactions is demonstrated in figure .

Summary

RS’P = AQ]NQ. (524)

1. Laser, or light amplification of stimulated emission by radiation, is a process that amplifies
the incoming radiation. Laser light is coherent and focussed.

2. There are three processes of interaction between a medium of two-state atoms and light,

they are

« absorption, with rate R4 = Bi1oNipem;

« stimulated emission, with rate Rgr = B Nopem;

« and spontaneous emission, with rate Rgp = Ay No.
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Finstein’s A and B coefficients

§53. Einstein’s A and B coefficients

Einstein’s Rate Equations

We can gather the three processes in the previous section, and write down the rates of change
of the number of atoms in states |2) and |1), which we denote by Ny and Nj respectively, as
follows,

Ny = —Apn Ny — ByyNopem + BiaNipem; (53.1)
N1 = ANy + Bo1rNapem — BiaNipem. (53.2)

For a laser to be ran sustainably at the steady state we require the two rates to be 0. Using
this, we may rearrange our equations into the form

Ny . Biapem

_—_ = — 53.3
Ny A1 + Ba1pem ( )

Next we shall attempt to find Einstein’s A and B coefficients.

Balancing of Emission and Absorption processes

We note that, although previously we have talked about |1) and |2) as two states, in principle
they are two energy levels, which means that they could be many degenerate states with the
same energy. For example, the hydrogen atom with n = 2 and ¢ = 1 is three-fold degenerate
with my = —1,0, or 1. If we then consider the transition between the three degenerate states
12,1, m,) and the non-degenerate state |1,0,0), then since there are three different states an
atom might de-excite from the upper energy level, and only one state for the atom on the
ground state to be excited, for this system spontaneous emission is three times more likely than
absorption, i. e. Byy = 3Bs;. In general with the two energy levels g;- and go-fold degenerate,
we have the relation between Einstein’s B coefficients

92821 = g1 Bha. (53-4)

In this set of notes, we ignore the degeneracies, i. e. we set g7 = ¢o = 1, and therefore
By = Bz = B.

Thermal Equilibrium

To determine the relationship between Einstein’s A and B coefficients we then consider thermal
equilibrium of the system. Note that the populations between the two levels satisfy Boltzmann
statistics

N.
Fj = ¢ BB _ o Pl (53.5)

where w = wy; and f = 1/(kgT). Additionally, the energy density in the medium satisfies
the Planck distribution

3
P Z;“’Cg « eﬁml_ - (53.6)
Substituting these two results into Einstein’s rate equation in the steady state
N1Bpem = NoBpem + NoAoy, (53.7)
we have B3 -
Bx—5 = Bx We—ﬁ’w + Ay (1 — 7). (53.8)
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For this to work at any temperatures, we therefore must have the relation between Einstein’s
A and B coefficients as

th
e
An alternative method to derive the relations between the Einstein’s A and B coefficients is
to make pe,, the subject of Einstein’s rate equation in the steady state, taking into account of
Boltzmann statistics, and equating it to the Planck distribution,

AQl = Bx (539)

Ay /B Ay /B hw? 2¢3
Oom = 21/ 21 _ 21/ 21 ! /(7'[ C )’ (53‘10)
N Be_, Pu_ o, Oe-1
Ny By By,

which gives By = By = B and Ay, = B X hw?/(mc?) by inspection.

Now we are able to see whether we may amplify an incoming light ray i. e. get the laser
running, and we shall do that in the next section.

Summary

1. Einstein’s rate equations relate the three allowed processes of interaction between light
and two-state atoms, which gives, in the steady state

N2 o Bl?pem

_— = - 53.11
N As1 + Ba1pem ( )

2. Balancing the emission and absorption processes gives the relation between the two Ein-
stein B coefficients

By, = By = B. (53.12)

3. Taking into account Boltzmann statistics of the relative population of atoms in the two
energy levels and Planck’s distribution for the background radiation, we have the relation
between Einstein’s A and B coefficients

hwi&

A21 = B x 7[2_03 (5313)

§54. Condition for Amplification

Radiative Pumping

Previously I have stated that what we want is to pump energy in for the system to amplify
the input light. However one might wonder whether we are able to amplify using light —
that is, incoherent radiation in, coherent radiation out. This short calculation shows that for a
two-level system it is simply impossible.

To reach amplification, we require the rate of stimulated emission to be larger than the rate of
absorption, that is

Rsr > Ry = BNQpem > BN1Pem = AN = Ny — Ny > 0, (541)

i. e. we require a population inversion between the two states. However if we look back at
the equation for the relative populations, equation p3.3, this gives
N2 . Bpem 1

N _ , 54.2
Ny A1 + Bpem As1/(Bpem) + 1 ( )
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Figure 54.1: The comparison between spontaneous emission and decay.

which is strictly less than 1, i. e. we simply cannot amplify the light by purely pumping the
system with radiation. This motivates the use for another pump mechanism.

Alternative Pump Mechanism

Now that pumping by radiation in the two-level laser is impossible (although they will come
back to this idea on the discussion on three- and four-level lasers), we simply assume that
the interaction between incident light and the medium of atoms, i. e. processes with rates
proportional to Einstein’s B coefficients, is much less significant than the parameters in our
pump mechanism and the process of spontaneous emission. This means that we strip off all
the terms involving Einstein’s B coefficients from our calculation. We now consider inputting
energy in a form of pumping particles into the states |1) and |2) separately, with pump rates P
and P, respectively. However we note that the when we actually reach population inversion, the
population of these two states does not obey Boltzmann statistics, and therefore the population
of the two levels |1) and |2) will simultaneously decrease by de-excitation to many other lower
levels. The rate of this is proportional to the population of the level, and the constant of
proportionality is given by 1/7, where 7 is called the fluorescence lifetime of the level. Note
that the process of spontaneous emission between the two levels in question is also due to this
de-excitation process, illustrated by figure , and therefore we must have

1/m > Aa. (54.3)

With this in mind, we have the interaction between this alternative pump mechanism and the
atoms is illustrated in figure p4.24. We can therefore construct rate equations

NQ = PQ—NQ/TQ; (544)
Nl = P+ Ay Ny — Ny/11.
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Figure 54.2: Interaction between the medium of atoms and the pump mechanism.

In the steady state case, we again have Ny = N, = 0, and therefore, by rearranging the
above rate equations, we have the difference in populations

AN = NQ—Nl = P2T2(1—A21T1>—P1T1. (546)

Therefore, to reach population inversion, we must have

Py 1

— X =X (1=Ay1) > L 54.7

B X 2 (1= Aun) (547
Hence, for population inversion to be achieved in a steady state, we need the following necessary
but not sufficient condition

A21T1 <1 (548)

to keep the value of the bracket positive. In addition to this, it is apparent that we need at
least one of the following:

o selective pumping: we pump state |2) at a higher rate compared to state |1),1.e. P, > Pi;

o favourable lifetime ratio: we need the lifetime of the upper level 75 to be longer than the
lifetime of the lower level 7, i. e. 5 > 7q;

« if we add in a discussion of how the degeneracy of states contributes to the equation, then
it turns out that g; > ¢o may also do the job, i. e. making sure that the population per
state of the lower energy level is small. The corresponding necessary but not sufficient
condition with degeneracies factored in is

2 Ay < 1. (54.9)
g1
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Sustainable Lasing

Now we know how to reach population inversion, let us think about how practically we can
build a laser. In practice we have amplified the light by just pumping light into the medium
with the atoms once, but humans have a natural inclination to greediness, we would like to
re-direct the light back into the same medium and amplify it again, and re-direct the amplified
light back to the same medium to amplify it once more, and repeat. The way to make this
happen is discussed in the next few sections.

Summary

1. To reach amplification, we require AN > 0, i. e. population inversion. Pumping
with purely radiation in a medium of atoms with two levels is not possible, we need an
alternative pumping mechanism.

2. For the alternative pumping mechanism to reach population inversion, we need both

e the condition
Apm < 1, (54.10)

e and at least one of the three:

P > Pl, To > T1, Or (g1 > (o. (5411)

§55. Sustainable Lasing

Optical Gain

Now that population inversion has been achieved, let us amplify some light. This means that,
we simply have the population inverted N; and Ny as our given condition (so we disregard
the mathematics by the pump mechanism discussed previously), and now we only look at
terms relating to Einstein’s B coefficients, focussing on how they affects the density of photons
emitted. The absorption and stimulated emission processes decreases and increases the photon
density of the laser medium by BNjpe, and BNsp.,, respectively, giving the overall increase
in photon density as

N = B(AN)pem, (55.1)

where .4 is the number of photons per unit volume in the laser medium. However, what we are
actually interested is how the intensity I, or energy per unit area per unit time, changes with
distance . To make this link, we shall first note that the intensity / and the energy density
Pem 18 linked through

I energy  _ energy length

- = PemC, 55.2
area X time volume time p ( )
then noticing that each particle has energy hw. Therefore, the change in intensity dI against
length dx is

energy number of particles  energy
dl = ——=— = length x - .
area X time volume X time particle (55.3)

= dz N x hw = dzhwB(AN)I/c = dz (AN)ol,

where the scattering cross-section o is defined by

o = hwB/c, (55.4)
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Figure 55.1: A laser in a Fabry-Perot cavity.

and we define the gain coefficient
a = (AN)o. (55.5)

Now that we have the laser medium set up with a gain, where each time some light goes through
it gets amplified, let us maximise our greediness and amplify as much as possible.

Amplification by Oscillation

One of the methods (where we discuss other methods in §@) of amplifying the light repeatedly
is to seal the laser medium in a Fabry-Perot cavity, where the light bounces between the two
mirrors, and gets amplified by the laser medium every bounce. Note the reflectivities of the
two mirrors R; and Ry have values close to unity but not exactly. This means that there must
be laser light escaping from both mirrors. Therefore, for the laser to lase, for every time the
laser makes a round-trips between the mirrors, it must gain more intensity than it loses.

The intensity lost per round-trip can be expressed by the reflectances: it is simply (1 — Ry Rg) Lcirc
as the remaining light between the mirrors is given by R;Rsl..., where I . is the intensity
circulating between the mirrors. The intensity gained per circulation is, rather apparently from
, (ANl — 1] Iy, where L is the length of the laser medium, noting that light travels
through the laser medium twice per circulation. Setting the intensity gain per round-trip to be
larger than the intensity lost, we have

[ez(AN)UL - ]-] Icirc 2 (1 - R1R2>Icir07 (556)

where we note that the light travels through the laser medium twice per round-trip, and thus
the distance in the medium per round-trip is given by 2L. For R; and R; close to unity, the term
in the brackets is very close to zero. Therefore, the above condition is algebraically equivalent

to
1
AN = Nipreshold = E(l_RlRQ)' (55.7)
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Figure 55.2: The number of particles (in grey) and the exit intensity (in black) against time
for a laser after it has been turned on.

This clearly shows that population inversion alone is insufficient for sustainable lasing, we also
need this stronger condition on top of population inversion.

Previously we have justified ourselves of ignoring the Einstein’s B coefficients by suggesting
this invention of the alternative pumping scheme, now we shall review our justification. When
we are actually starting to think about what happens during lasing, there is an intensity circu-
lating between the mirrors and passing through the laser media. This gives an energy density
pem = 1/cinside the system, which is how the terms involving Einstein’s B coefficients emerge.
Thus, we note that our treatment really only works in the case where there is no light inten-
sity in the system; otherwise we immediately have the terms involving Einstein B coefficients
kicking in, and these terms will start to equilibrate our population immediately after the laser
starts running. Eventually the laser will reach a steady state with the population difference
AN to be exactly Nipreshoid. and the laser will be running at maximum intensity. This process
is demonstrated by figure

Summary

1. When light passes through the laser medium, the change in intensity per unit distance is
given by the equation

dl = dz(AN)ol = dzal, (55.8)
where o is the scattering cross-section and « is the gain coefficient.
2. To amplify light sustainably we trap it under a Fabry-Perot cavity where the reflectivities

of the two mirrors, R, and R, are very close to unity. When the laser is switched on,
the existing intensities will equilibrate the populations to a steady state with threshold
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Figure 56.1: A three-level laser.
population difference
1
Nthreshold - E(l - Rle), (559)

which, at that threshold population difference, the laser runs at maximum intensity.

§56. Laser Media

Three-Level Lasers

Previously we have illustrated that we need two main objects in the construction of a laser: the
laser medium and the laser oscillator. We will talk about these two objects in a bit more detail
in this section and the next section. In this section we look at different types of laser media.
We have previously stated that radiative pumping cannot drive a two-level laser to population
inversion, and as a result the only method to drive the laser using radiation is to change the
two-level system completely, e. g. to use a three-level laser instead.

A schematic diagram for a three-level laser is given by figure . The pumping scheme
pumps particles from states |1) to |3) at a rate P, where the particles experiences a fast decay
process from state |3) to |2), and the lasing process happens between states |2) and |1). In this
case, the population in state |3) is negligible, and the particles are all in states |1) and |2). This
means that, for population inversion, we need at least half the atoms in the excited state, i. e.
if we assume that the pump rate is the same as the decay rate, then

P = NQ/TQ = P’TQ = NQ > (N1+N2)/2 (561)

whichis difficult to achieve. Nevertheless, it could still be done, with a powerful pump mech-
anism. In the early ages of lasers, the lasers are simply pumped by flashlights. Alternatively,
research groups at the Weizmann Institute of Science Solar Tower, Israel, have powered their
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Figure 56.2: A four-level laser.

lasers with the Sun. Others powers their lasers by LEDs. We can also use one laser to pump
another laser, for example, to lase at a different wavelength.

Four-Level Lasers

To get around the issue such that half the total population must be in the upper state, a more
usual design for the laser medium is the four-level laser. A diagram of such a device works is
figure . In a four level system, the transition from state |1) to state |0) is so fast that |1)
is nearly empty. As long as the state is emptied out at a faster rate than it is filled in, we can
lase sustainably, which means that we only need a condition

/m > Axn, (56.2)
which is a lot easier to satisty.

An example of the four-level laser is the Nd:YAG laser, which is based on an insulating solid,
in which Nd** ions are dropped into an Yttrium Aluminium Garnet (YAG) crystalline host. In
this case, levels |1) and |2) would be the two levels *I1; ;5 and *F3 5 levels for the Nd** ion, which
has an energy gap allowing it to emit a wavelength of 1064 nm. However, it is very common
practice to use non-linear crystals to frequency double, triple, or quadruple the frequency of
the laser, giving light with wavelengths of 532 nm, 354 nm, and 266 nm respectively. To pump
the Nd:YAG laser, we can have either have it run on a continuous wave setup by pumping it
with an LED, or run it on a pulsed setup using flashlight.

Summary

1. To design the laser medium for more convenient population inversion such that we can
use radiation as a pumping scheme, we can use a three-level laser. For that to work, we
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Figure 57.1: A Fabry-Perot cavity as a laser oscillator.

need at least half the atoms to be in the upper state, which is difficult to achieve, but
can be achieved by powerful pumping method.

2. A four-level laser have very few atoms in state |1), which allows population inversion to
be achieved more easily.

§57. Laser Oscillators

We shall then have a look at some designs of laser oscillators. The simplest laser oscillator is
to have no laser oscillator. This gives the light simply amplified once with

Iout = IineaLp (571)

which simply amplifies the spontaneous emission, creating an amplified spontaneous emis-
sion (ASE) laser. Of course, there are more sophisticated laser oscillators, which we shall
survey through the most popular two: the Fabry-Perot cavity and the ring resonator.

Fabry-Perot Cavity as a Laser Oscillator
Let us have a Fabry-Perot cavity as the laser oscillator, demonstrated in figure . We note
that since there are mirrors on both ends, the boundary condition implies that the wavenumber
inside must be an integer multiple of the fundamental, with a wavenumber 1/\ = 1/(2nd) =
FSR,;. Therefore the allowed wavenumbers are

1
7 = pxFSR; = px —, 57.2
Vo= px PX G (57.2)

where p is an integer. However, the lasers that we will be using are monochromatic i. e. have
one wavenumber only. To do this, we simply match the frequency of the atomic transition
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Figure 57.2: The intensity and the scattering cross-section of the atom against wavenumber.
Note that the vertical tick marks is for the scattering cross-section; the Fabry-Perot intensity
has relative scale, which is not displayed.

to a specific mode of the standing wave trapped in the Fabry-Perot cavity. However there is
an additional complication, which is the fact that although we can assume the frequency of
the atomic transition to be happening at one frequency only, i. e. we assume the scattering
cross-section is only applicable for one single frequency, it is in fact a Lorentzian function
in wavenumber. In order to lase only one mode, we need to make sure that the scattering
cross-section function drops off below the gain condition quickly enough such that no other
mode is lased. This is illustrated by figure @, where single-mode lasing has been successfully
achieved, noting that the scattering cross-section function is only larger than 1/AN for a single
wavenumber 7, which is the lasing wavenumber v, the wavenumber that is going to lase. We
note that in this specific case illustrated by figure @, we have the width of the scattering
cross-section larder than the instrumental width of the Fabry-Perot cavity, which is generally
the case. As a rule of thumb, the width of the actual laser beam will be narrower than both of
them, i. e.

AUgom > INST, > Aljager- (57.3)

In a Fabry-Perot driven oscillator, there will be a standing wave in the medium, which means
that the intensity will be varying in space. Near the nodes, the intensity is small, means that
the electric field will also be small at all times, meaning that the population inversion will
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Figure 57.3: A ring resonator.

struggle to achieve, which is an effect called spatial hole burning. This motivates another
method, called the ring resonator.

Ring Resonator
A ring resonator, with an example illustrated in figure , directs light into a ring with
circumference L. This now have the allowed wavenumbers as

v = p/(nL), (57.4)

where p is an integer. This allows light to be trapped in a ring and, by a similar effect to the
Fabry-Perot resonator, amplifies light by directing it many times through the laser medium.
Note that the arbitrary integer p still enters the condition for maximum, and as a result we
still need to put into effort to making the laser to run at a single wavelength to make sure that
the laser is running at a single frequency.

Summary

1. A Fabry-Perot cavity can be an oscillator of light. It amplifies light every round-trip,
however it can allow many different wavenumbers to be amplified simultaneously. To
create a laser running at a single wavelength, we must make sure that the scattering cross-
section function is larger than 1/AN for one frequency only, which is the wavenumber
that the laser lases. The cavity will have nodes which has a lower electric field, causing
spatial hole burning, limiting the amplified intensity.

2. A ring resonator directs light in a closed ring, and hence passing the light through the
laser medium many times, reaching amplification.

Pg 144 §57



Polarised v Unpolarised Light

11 POLARISATION

§58. Polarised v Unpolarised Light

Now we shall switch gears and look at light specifically as a transverse wave, and examine
the additional behaviour light has due to its transverse nature, which is polarisation. We
shall first look at Maxwell’s equation in vacuum and then look at Maxwell’s equation in an
anisotropic medium, such as a crystal, where light behaves very differently compared to an
isotropic medium, which we shall look into and consider how this can be exploited in experi-
ments.

Electric Field Vector
Previously we have looked at Maxwell’s equations in a vacuum, where Gauf’s law

divE =0 = ik-E =0 (58.1)
gives the fact that E must be perpendicular to k, and Faraday’s law
curlE = —9,B = 1kAE = iwB (58.2)

gives the fact that E must be perpendicular to B. We have suggested that these two facts
motivates the notation

i(kz—wt) efizs

u = upe = Refu] = Re[uge® "] = |ug|cos (kx —wt —§);  (58.3)

however this is a simplification: as E itself can be at any direction perpendicular to k, and
therefore can be thought as any vector lying on a plane, the scalar representation must be
insufficient as multiple Es may correspond to the same u. Let us then consider the wave
travelling in the z-direction, where E is decomposed into two directions y and z, and therefore

E, = Ey,cos(kx —wt — 0,); (58.4)
E. = Ey,cos (kr —wt —9,). (58.5)

Re-casting this into a simple vector form and removing a constant phase, we end up with
E EO ei(ka:—wt)
(EZ> = Re (Eozyei(kx—wt—é) ) (58.6)

where & = ¢, — 6,. We define the light to be polarised if the phase difference between the
two directions of the field, 4, is constant.

Linear Polarisation

The simplest case that we can look into is linear polarisation, which hasé = Oord = m.
In the case where 6 = 0, or equivalently J, = d,, we have
E E ei(kxfwt)

(2) = re (G (587

which suggests that the electric field vector E fixed along a certain plane that is at an angle «
from the y axis, with

EOZ
tana = . 58.8
oy (58.3)
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Figure 58.1: Linearly polarised light with 6 = 0.

This is shown in figure . An alternative option for linearly polarised light is & = 7, where

we simply have
E EO ei(szwt)

This gives the exact same picture of the previous case, but simply with the two components of
the electric field with opposite signs. This is demonstrated in figure B8.2.

So what is the difference between linearly polarised light with unpolarised light? The dif-
ference lies in the fact that unpolarised light has the phase difference between the y and z
components of the electric field

0 = 0, — 0y, (58.10)

completely random at any time. Such light is therefore also incoherent.
Summary

1. The two components of the electric field vector E perpendicular to the direction of wave
travel can have a phase difference 6 between them.

2. If 6 is random then the light is unpolarised. If § is either 0 or 7t then the light is linearly
polarised.

§59. Elliptically Polarised Light

Circularly Polarised Light
We have previously looked at the case where ¢ is either 0 or 7t. Another special case is § = 7/2
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Figure 58.2: Linearly polarised light with § = .
and Ey, = Ey. = FEjp. In that case we have the electric field vector E as
E,\ el (ko —wt) B cos (kz — wt)
(Ez) = EoRe (ei(’“_‘“_“m = ko sin (kz —wt) )’ (59.1)

which means that if we fix time and look at the different values of E along the direction of wave
propagation, it traces out a helix with a circular cross-section. If we then point our thumb of
our right hand into the direction of wave propagation, we then have the four fingers curling
to the direction that the E field is next going into. As a result, the polarisation of this wave
is called right-hand circular polarisation. This is illustrated in figure . An alternative
method is to look at the source, i. e. fix + = 0, and then look at how E rotates as time
increases. We then find the electric field on a circle that is rotating clockwise. In this case, if
we curl the four fingers of our right hand around the electric field vector, then the thumb points
towards the source — an alternative take to the name “right-hand circular polarisation”.

Another type of circular polarsiation is the case where 6 = —m/2 and Ey, = Ep, = Ep. In
this case, we have
E,\ eilkz—wt) B cos (kx — wt)
(Ez) = EpRe (ei(k:p—wt+n/2) = Ey — sin (kx _ wt) : (592)

Analysed analogously to the above way for right-hand circularly polarised light, it is clear that
this is given the name left-hand circular polarisation. This is also illustrated in figure .
Sometimes left-handed circularly polarised light is described as “positive helicity”.

We note that although circularly polarised light also has its intensity decreased by a factor
of two when passed through a linear polariser — the same behaviour as unpolarised light, since
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Figure 59.1: The electric field E in right-handed circularly polarised light.

it has a constant ¢, it cannot be classified as “unpolarised radiation” — they are completely
different animals.

Elliptically Polarised Light
We shall then take the next step of generalisation, which is to release the condition of Ey, =

Ey., which then gives
E,\ ([ Eyycos(kx —wt)
(EZ) N (iEoz sin (kz — wt) )’ (59.3)

where when looking at the source, the electric field traces out an ellipse with the two semi-axes
as Fy, and Ejy, respectively. These two semi-axes lies on the y and z axes.

If we then release our constraint further, this time with a completely general value of 9, then

we have elliptically polarised light with the two semi-axes aligned in an oblique angle © to the

y- and z- axes, which link is discussed in §@ Both of these cases are demonstrated in figure
J. To show this algebraically, consider the real form of £, and E., i. e.

E, = Ey,cos (kx — wt) (59.4)
and
E. = Ey,cos (kx —wt —§) = Ep,[cos (kx — wt) cosd + sin (kx — wt) sin . (59.5)

Rearranging equation , we have

E, ?
sin? (kx — wt)sin?6 = [ — cos (kx — wt) cos &
0z (59.6)

E? E,
— 2—=cos (kz — wt) cos § + cos” (kx — wt) cos® 4.

B EOz2 EOz
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Figure 59.2: The electric field E in right- (0 = m/2) and left- (§ = —m/2) handed circularly
polarised light.
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Figure 59.3: The electric field E in elliptically polarised light.
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We may then rearrange equation to get
cos (kx —wt) = E,/Ey,, sin? (kz —wt) = [1 - (E,/Eq,))’, (59.7)
which we may substitute into equation to obtain

E2 B2 2
EﬂOy2 E'Oz2 EOyEOZ

E,E,cosé = sin*d, (59.8)

the equation of an ellipse. When § = £7/2 we then have
E}/Ey + EZ/Ey? = 1, (59.9)
i. e. the ellipse lines up with the y- and 2- axes.

For elliptically polarised light with 6 # +7/2, we can simplify the mathematics by look-
ing at them obliquely, by setting up a set of axes a and b parallel and perpendicular to
the semi- and major- axes. When the radiation is viewed in that way, it is polarised with

d = 0, — O = =£m/2. Then, we define

cos O
E, = Ey, (Sin @) cos (kx — wt); (59.10)
By = +E () sin (ke — wt) (59.11)
b — 0b COS@ S1n X wt), .

where (cos ©,sin ©)" and (—sin @, cos ©)" are the unit vectors along the a and b axes respec-
tively, and describe the electric field vector E with

E = E, +E, (59.12)

Now, with this introduced parameter 6, we can say that all polarised radiation, after a rotation
of axes, have § = 0,7, or 71/2.

Summary

1. Circularly polarised light has the electric field vector E describing a circle. It has the
phase difference between y and z as § = =+7/2, corresponding to right- and left-handed
circular polarisation, and also the amplitudes Ey, = Ey, = Ej.

2. Elliptically polarised light with § = +7/2 has the electric field vector E describing an
ellipse with the semi-axes aligned with y and z directions and with lengths £y, and Ej..
If 0 # 7t/2, then the light is still elliptically polarised, and we are able to find an angle ©
such that if we rotate our coordinate axes by @ we have 65 = 8,— 0 = +71/2.

§60. More on Circularly and Elliptically Polarised Light

Relation between ) and O
We shall first explore the relation between the phase difference ¢ and the angle ©. Our starting

point is equation m

E2 E2 2

— E,E,cosd = sin®. 60.1
Fop + Bo?  FoyBo. " coS sin ( )
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We recognise this equation as a quadratic form

1 cos 0
o osd
eT0e = sin?5, e — (gy) o= | Hoo Eake) 609

B EOyEOz E0z2

for which the orientations of the eigenvectors of the matrix (2 points to the a- and b- axes. We
should have one possible eigenvector along a-axis to be

a — ( cos o 1 1 N \/E0y4 + Eot + 2By, Ey? cos (26))T (60.3)
EOyEOz ’ 2E0y2 2E0z2 2Ej()y2E1022 ’ .
as a result we have
Ey2 — Ey? Eofr + Egt +2Ey2E2 20
6 = arctan | — o + VB! + Byt + 20, B 03 (20) : (60.4)
2Ey, Ey. cos o

an explicit relation between § and 6.

Superposition of circularly polarised radiation
We note that if we superpose left- and right-hand circularly polarised radiation with equal
amplitudes, we have

B (e en (Rl ) Comesite-un(}). s

linearly polarised radiation in the y direction. Sometimes we depict the quantum mechanical
state of the photon as |R) for a right-handed circularly polarised photon, and |L) for a left-
handed circularly polarised photon. Then, we can write down

1
E('m n |L>) ~ ), (60.6)

where |H) is a horizontally polarised photon. If the two amplitudes are unequal, then we have
the resulting radiation elliptically polarised. An illustration of this is shown in figure .

Summary

1. By expressing equation as a quadratic form and finding its eigenvectors, we obtain
the angle 6 as

(60.7)

O — arctan (Eoz2 _ E0y2 + \/E0y4 + Eo 2+ 2E0y2E022 COS (25)>

2Ey, Ey, cos 0

2. If we superpose left- and right-handed circularly polarised light, we get linearly polarised
light if the amplitudes are equal; and elliptically polarised light if not.
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equal amplitudes unequal amplitudes

Figure 60.1: The superposition of radiation with left- and right-circular polarisations.

§61. Crystal Optics

Electromagnetic Waves in Anisotropic Media

Now we move to Maxwell’s equation in a medium that is anisotropic, i. e. that has different
behaviours when light is radiated into the medium at different directions. To briefly motivate
how radiation will change in an anisotropic medium, we consider Gaufy’s law in a medium

divD = 0 = ik-D = 0. (61.1)

If the material is anisotropic, then D and E will no longer be parallel, and therefore E and k
will not longer be perpendicular, which is an immediate consequence of the anisotropy of the
medium. More precisely, if we consider Faraday’s law and Ampere’s law in a material with

,urzl

curlE = —0,B = —pg0H = 1kAE = iwuH; (61.2)
curlH = 9D = ikAH = —iwD, (61.3)

we end up with
kA (KAE) = powk AH = —pgw®D, (61.4)

a more precise relation between E and D.

After a second look on Ampere’s law, we find that H is perpendicular to both k and D.
Since we are looking at the case where D and E are unparallel, we note that the Poynting
vector S = E A H is not parallel to the k. To summarise, in an anisotropic medium,

o E is perpendicular to S,

e D is perpendicular to k,
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« E, S, D, and k are on the same plane perpendicular to H.

After analysing the waves that are in an anisotropic medium in its full generality just based on
Maxwell’s equations, now let us switch gear to actually analyse the problem from the micro-
scopic perspective, by looking into a crystal.

Crystals

To describe the relation between D and E, in an anisotropic media, we simply turn the relative
permittivity into a 3 x 3 matrix (or, for the mathematically inclined students, a tensor of second
rank), i. e. we write down

€11 €12 €13
D = €0€E = &0 | €21 €22 €E23 E. (615)
€31 €32 £33

This is the most general case but here we take a very simplified approach. First we shall take
the all the off-diagonal elements to be 0. Note that, doing so means that we are choosing
three very special axis in space — if we were to rotate this set of coordinate axes, then this
simplification will not work. Applying this simplification leaves us with three options only:

e In the case of €17 = €99 = £33 = ¢&,, we have an isotropic material. For materials
with 4, = 1, we have ¢ = n?, where n is the refractive index of the material. To
account for this we simply need to change the path length into the optical path length
by multiplying by n, which was already well-discussed in the first year optics course.

o In the case of €17 # €99 = £33, we have an anisotropic “uni-axial” material. We then
define n? = &9 = e33 and call the axis corresponding to them (here it is the y- and
z-axes) the ordinary axes. Also we have nZ = &1; which we call the axis corresponding

to it (here it is the x axis) the extra-ordinary axis. This is the case of interest for us.

o In the case of €17 # €99 # £33, we have an anisotropic “bi-axial” material. This is
beyond the level of our discussion.

From the next section onwards, we shall focus on the uni-axial crystal only.

Summary

1. In an anisotropic media, in general E is perpendicular to S, D is perpendicular to k, and
E, S, D, and k are all perpendicular to H; but E is neither parallel to D nor perpendicular
to k, instead they are linked by the relation

kA (kAE) = —uow’D. (61.6)
2. Crystals with €11 = e99 = e33 are isotropic and crystals with 17 # €99 = e33 are
uni-axial. For uni-axial crystals, along the ordinary axis n, = /22 = /€33 and along

the extra-ordinary axis n, = /e11.

§62. Uni-Axial Crystals

Light Propagation in Uni-Axial Crystals
We shall confine ourselves to an uni-axial crystal with e;; = n2 and €99 = €33 = n2. Then
we can split our discussion into three different cases:
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e E is in the y-z plane, and we have the refractive index as n,. In this case we have D
parallel to E, and the speed of light propagation is given by v, = ¢/n,. To achieve this
we need k in the z-direction, and therefore suggesting k and S are parallel.

e E is in the z-direction, and we have the refractive index as n.. In this case we have E
parallel to E and v. = c¢/n.. Again k and S are parallel. Unpolarised light simply
cannot achieve this as E can be placed in two different directions.

o E is not parallel to any of the axes. In this case, for example, E has components along x
and z axes,
e;r 0 0 E,
D = o 0 £33 0 0 s (621)
0 0 £33 Ez

In this case the phase velocity of the light is given by v = ¢/neg, where the effective
refractive index neg is between n, and n.. More quantitative analysis shows that neg
forms an ellipsoid in space, with semi-axes n., n,, n, respectively along the z, y, and z
axes.

Next we shall look into the final case in more details.

Linearly Polarised Light in Uni-Axial Crystals

We now focus on an arbitrarily directed light ray with S pointing in a general direction, and we
shall assume that it is linearly polarised with a well defined E vector. We decompose the elec-
tric field E into two linearly polarised rays with electric field vectors E, and E., demonstrated
by figure 62.1. The electric field component that is parallel to the y-z plane, E,, is electric field
vector that gives rise to the ordinary ray, and the field component that is parallel to both E
and E,, which we denote by E., gives rise to the extra-ordinary ray. We take special notice
that the extra-ordinary ray, in general, does not travel parallel to the extra-ordinary axis.

Since the ordinary wave is confined within the y-z plane, it travels with k and S parallel
to each other. However the extra-ordinary wave is not parallel to any of the three special axes,
and as a result it travels with k and S not parallel to each other. It turns out that, this leads
to the consequence that the extra-ordinary ray will not experience Snell’s law. This suggests
that a single beam of linearly polarised light whose electric field vector E is able to travel in
two different directions in a crystal, corresponding to the ordinary and extra-ordinary compo-
nents of the wave, even with the wave incident on the crystal along the normal. This effect is
demonstrated in figure . As a result, uni-axial crystals are sometimes called birefringent
crystals. Note that this property can also be generalised into an unpolarised beam, as we are
also able to decompose the unpolarised beam into two different components with electric field
E parallel and perpendicular to the direction of travel.

Summary

1. When the electric field vector E is along one of the axes of the special coordinate system
such that the matrix ¢ is diagonal, k and S are parallel, and D and E are parallel.
However if that is not the case then the vectors suggested are not parallel.

2. When light passes inside the uni-axial crystal it will split into an ordinary ray and an
extra-ordinary ray. The extra-ordinary ray will not follow Snell’s law in general, and
therefore the two rays will split — and therefore we say the crystal is “birefringent”.
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Figure 62.1: The electric field vector E decomposed along the ordinary and extra-ordinary axes.
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Figure 62.2: A linearly polarised ray passing through an uni-axial crystal.
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§63. Retardation of Polarisation

When do extra-ordinary rays satisfy Snell’s law?

In the previous section we have stated that extra-ordinary rays do not, in general, satisfy Snell’s
law, because the extra-ordinary rays has two components that are travelling in different speeds
in the crystal, and as a result k and S are not parallel. However here are two special cases
where both the ordinary ray and extra-ordinary rays satisfy Snell’s law.

e When S is along the extra-ordinary axes, then E will be located in the plane spanned
by vectors on the ordinary axes. In such case, the wave will have S parallel to k, with a

refractive index n, = /g2 = /€33.

e When S is in the plane spanned by vectors on the ordinary axes, then we must have
E, along the ordinary axis and E. along the extra-ordinary axis. The latter statement
is special and only applies in this case. Now both the ordinary and extra-ordinary rays
travels with k and S parallel, with the ordinary ray with n, = /g2 = /€33 and the
extra-ordinary ray with n, = /eq1.

Apparently the first case is rather boring as it would require the same correction as a wave in
an isotropic medium. We shall therefore spend some time looking at the second case.

Waveplates

Now we have the two rays incident normally into the crystal and therefore the ordinary and
extra-ordinary ray will travel along the same direction, as they both satisfy Snell’s law. How-
ever, the ordinary ray will “see” a refractive index n,, and the extra-ordinary ray will “see” a
refractive index n., which are not the same. If n. < n,, then we say that the crystal has
negative anisotropy, and if n, > n,, then we say that the crystal has positive anisotropy.
We then call the axis of the E vector for the ray that travels quicker in the crystal the fast
axis with refractive index ny, and the axis of the E vector for the ray that travels slower in
the crystal the slow axis with refractive index ng. Therefore the slow ray is retarded relative
to the fast ray. This leads to a shift in phase difference between the fast and slow rays.

The apparatus that exploits this property is called a waveplate, which is just a cylindri-
cal sheet of uni-axial crystal with the axis aligned such that if the incident light ray is normal
to the surface of the bottom of the cylinder, then S is in the plane spanned by vectors on the
ordinary axes. An example of this is given in figure . It is clear that in the crystal the
difference between optical path lengths AOPL of the slow and fast rays are given by

AOPL = An x Ay, (63.1)

where An = ng — ny is the difference between the refractive indices, and Ay is the height of
the cylinder, demonstrated by figure . There are two most common waveplates.

e \/2 waveplates have As = (p + %))\, where p is an integer. The phase retardation of
the slow ray is given by

A) = kx AOPL = ?x% = T, (63.2)

where we have neglected the phase shift by an integer number of 27t as that simply does
not change the wave. This type of plates can flip one of the polarisation components
in linearly polarised light, as depicted in figure . This type of plate can shift the
handiness of elliptically polarised light if the semi-axis of the polarisation exactly matches
the fast and slow axes.
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VR

Figure 63.1: An example of a A\/2 waveplate.

o \/4 waveplates have AOPL = (p + i))\, where p is an integer. The phase retardation
of the slow ray is given by

2w A T

Ad = kx AOPL = TXZ =3 (63.3)
This type of plates can change linearly polarised light into elliptically polarised light with
the semi axes aligned with the fast and slow axes of the waveplate, and the length of
the semi-axes of the elliptically polarised light exactly matching the components of the
electric field vector E on the fast and slow axes for the incident ray. Also, if we match
the fast and slow axes of the crystal to the semi-axes of an incident elliptically polarised
ray, it will turn the ray into a linearly polarised ray. This is demonstrated in figure (63.2.
In practise, the waveplate is usually mounted on a steel frame which allows the waveplate
to be freely rotated, such that we can align the axes onto any direction we want it to be.

Note that, if we were to create a waveplate with a required wavelength with AOPL = \/2
or \/4, i. e. with p = 0, the thickness required would be at the order of the wavelength
of the material, which is too thin such that the waveplate would be mechanically unstable.
This means that either we make the waveplate thicker by adding an integer number of full
wavelengths, i. e. make p non-zero, or we can sandwich two waveplates with the fast and slow
axes oriented 90° to each other with thicknesses Ay; and Ays. If we let the first waveplate to
have the fast axis oriented in the vertical direction, then we have

OPLvertical = nf(Ayl) + ns<Ay2) (634)
OPLhorizontal = ns(Ayl) + nf(AyQ)a (635)
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before passing after passing through
through the waveplate the waveplate

Figure 63.2: An illustration of how a A/4 waveplate changes elliptically polarised light into
linearly polarised light, when the fast axis of the waveplate aligns with one of the semi-axis of
the ellipse described by E of the elliptically polarised light. Here the light is travelling along
the y-axis.

therefore to make the optical path length difference between the vertical and horizontal com-
ponents of the light to be A/4, for example, we simply need

MNA = (Ayy — Ays) X (ny — ng), (63.6)

which allows us to make thick waveplates that are mechanically stable.

Summary

1. When S is in the plane spanned by vectors along the two ordinary axes, then we have
both rays satisfying Snell’s law with refractive indices n, and n. for the ordinary and
extra-ordinary rays.

2. Either the ordinary ray or the extra-ordinary ray can be the fast ray. We can pass rays
through waveplates with thickness Ay, and the optical path difference caused by the
retardation of the slow ray is given by

AOPL = An x Ay. (63.7)

When linearly polarised rays pass through /2 waveplates one of the components will swap
its sign. When they pass through \/4 waveplates it will turn into elliptically polarised
ray with the semi-axes matching the fast and slow axes of the waveplates. If the incident
ray is elliptical, and the axes of the polarised light matches the fast and slow axes of the
waveplate, then a A/2 waveplate will swap the handiness and a A/4 waveplate will make
the ray linearly polarised.
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tE

Figure 64.1: An illustration of the incident and transmitted rays upon a surface for a p-polarised
light.

§64. Creation of Polarised Light

There are a number of methods for creating polarised light, and we shall go through them one
by one.

Creation of Linearly Polarised Light by Reflection

We are able to create polarised light just by reflection the incident unpolarised ray off an
isotropic material. When an polarised light approaches the isotropic material, for any given
S we have two different modes of the electric field vector E, s-polarisation and p-polarisation.
It is possible to show that we are able to extinguish the reflection of p-polarised ray at the
Brewster angle as follows.

The incident and transmitted p-polarised light is shown in figure 7 with transmission coef-
ficient ¢ and the reflected ray extinguished. They are demonstrated in figure . We equip
the isotropic medium with refractive index n and impedance Z, and air with refractive index 1
and impedance Z,. Also we let the ray to be incident at the Brewster’s angle i and refracted
at an angle of refraction r. We note that for u, = 1, we have

Zo Mo/go

Z _ Vm/(ee) _ 15 _ % (64.1)

According to Maxwell’s equations, the parallel components of E and H must be continuous
across the boundary. We set the magnitudes of E and H before and after hitting the material
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to be E, H, tE, and H, respectively. Equating these components, we yield

Ecosi = tEcosr (64.2)

E tk A 1
H=H = —=—= = t=_—=—. 64.3
' Zy  Z Zy n (64.3)

Now substituting this back into the first equation, we obtain

1 1 1 1
cosi = —cosT = —\/1—sin®r = —4/1— —sini, (64.4)
n

n n n?
using Snell’s law sini = mnsinr. Squaring this and dividing by cos?i, after rearrangement,
gives
1 5. 1 9.
g secti— ﬁtan i =1 (64.5)
Then, using the trigonometric identity sec?¢ = 1+ tan?i and rearranging the equation, we

obtain the relation between the Brewster’s angle and the refractive index
tani = n. (64.6)

For an s-polarised beam, it is not possible to extinguish the reflected ray, and as an result, if we
input the unpolarised ray incident to the surface of an isotropic material with refractive index
n at the Brewster’s angle ¢ = arctann, we will find that the reflected beam will be linearly
polarised with s-polarisation.

Creation of Linearly Polarised Light by Linear Polarisers

This apparatus is well-explained in any A-level syllabus on physics and therefore will not be
re-introduced here — it simply changes any type of light incident on it into linearly polarised
light polarised along its transmission axis. An additional comment is that if we have a linearly
polarised light incident on a linear polariser, but at an angle 6 about the transmission axis,
then the magnitude of the electric field £ will drop by

E — FEcosé. (64.7)
As a result, the intensity will drop by
I — Icos*0, (64.8)

commonly known as Malus’s law.

Creation of Linearly Polarised Light by Polarising Prisms and Beam Splitters

We have stated, in the previous section, that when S is in the plane spanned by vectors on
the ordinary axes, then the rays satisfies Snell’s law, but the ordinary and extra-ordinary rays
have different refractive indices. This can be exploited by inputting a ray incident to the crystal
normally and making the ray to exit the material at an oblique angle, which makes a polarising
prism, illustrated by the diagram on the left of figure @ According to Snell’s law, the angle
of refraction on exiting the prism of the ordinary and extra-ordinary rays r, and r is given by

sinr, = n,sing; (64.9)

sinr, = nesini, (64.10)
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Figure 64.2: Demonstration of setups of a polarising prism and a polarising beam splitter with
uni-axial crystals.

where 7 is the angle of incidence when the rays exit the uni-axial crystal. Alternatively, we can
consider a setup where the ordinary ray experiences total internal reflection inside the prism,
and the extra-ordinary transmits out of the system, which would make a polarising beam
splitter. Apparently, this can be achieved by setting

1 1
— < sini < —, (64.11)
N Ne

where again 7 is the angle of incidence when the rays exit the uni-axial crystal.

Creation of Circularly Polarised Light
This can be achieved by the following sequence.

o First pass the unpolarised light through a linear polariser, which changes the light into
linearly polarised light.

o Then pass the resulting linearly polarised light through a \/4 waveplate, aligning the fast
and slow axes of the waveplate 45° to the transmission axis of the linear polariser to make
sure that the component electric field strength on the fast and slow axes are equal, so the
exiting light is circularly polarised and not elliptically polarised.

Finally we shall focus on examining the polarisation of the light in the next section.
Summary

1. If an incident light is incident on an isotropic material at Brewster’s angle ¢ = arctann,
then the reflected beam will be s-polarised only.
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Figure 65.1: A repeat of figure , which is an illustration of how a A/4 waveplate changes
elliptically polarised light into linearly polarised light, when the fast axis of the waveplate aligns
with one of the semi-axis of the ellipse described by E of the elliptically polarised light. Here
the light is travelling along the y-axis.

2. A linear polariser polarises any incident light linearly along its transmission axis. If the
input light is linearly polarised and the direction polarisation is at an angle 8 from the
transmission axis, then the intensity will decrease by Malus’s law

I — Icos®f. (64.12)

3. Using uni-axial crystals we are able to make polarsing prisms and beam splitters, just by
splitting the rays using the property that the different polarisations with E along the fast
and slow axis have different refractive indices ny # ns.

4. To create circularly polarised radiation we can use a combination of linear polariser and
a A/4 waveplate, with the transmission axis of the linear polarisation at 45° from the fast
and slow axes of the waveplate.

§65. Examination of Polarised Light

Finally we would like to find methods to investigate the state of polarisation of a light ray.

Finding o and © of Elliptically Polarised Light

We shall remind ourselves of how the A/4 plate with the fast axis aligned with the semi-axis
of the ellipse described by the E vector of an elliptically polarised light changes this elliptically
polarised light into linearly polarised light, again noting that the parameters of polarisation
for an elliptically polarised light are the angles @ and ©. This is shown in figure 5.1, which
is a repeat of figure 3.2, Therefore to examine the nature of elliptically polarised light, we
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would like to determine these two parameters. A simple experiment achieving this uses a /4
waveplate followed by a linear polariser as follows.

o We first rotate the A\/4 waveplate and try to change the elliptically polarised light into
linearly polarised light. This can only be done if the fast axis of the waveplate is aligned
with one of the semi-axes of the elliptically polarised light. To check whether we have
achieved this successfully, we place a linear polariser in front of the waveplate and we
simply rotate the polariser and see whether we are able to extinguish the output ray. If
that is not possible, then we rotate the waveplate again.

o After we find the orientation of the waveplate such that the light is fully extinguishable by
the linear polariser, we then rotate the linear polariser such that the output is maximised.

e Then, the parameter O is the direction of one of the fast and slow axes of the waveplate,
depending on the handedness of the elliptically polarised light. The direction of the
transmission axis of the linear polariser is © + «, which allows us to find the parameter
a.

Apparently the first step would require many trial-and-errors for the correct orientations of the
components of the apparatus. To avoid this, we may consider first passing the light through
a single polariser. Then we rotate the polariser for maximum transmission, which is an alter-
native method of determining ©. Then we can simply orient our A/4 waveplate along that
direction, which saves us from iteratively adjusting the waveplate and the linear polariser in
behind.

Examination of Partially Polarised Light

We note that for purely elliptically polarised light, the above procedure is plausible, but for
partially polarised light, that is, light that is formed as a mixture of elliptically polarised
light and unpolarised light, it is impossible to rotate the linear polariser such that the light
passing through the waveplate is totally extinguished. However through the same set of appara-
tus, we are not only able to find @ and « for the elliptically polarised light, but we are also able
to find the ratio of intensities of the unpolarised and polarised components of the incident light.

To do this, we shall first use a single linear polariser. We record the maximum and mini-
mum intensities recorded by the linear polariser by rotating the linear polariser. We denote the
ratio of the two intensities as k. We shall call the transmission axis of the linear polariser when
the maximum intensity is recorded a: this is the semi-major axis of the elliptically polarised
light. The orientation of a from the horizontal is exactly the definition of 6.

Then, we place a A\/4 waveplate in front of the linear polariser. We align the fast axis of
the waveplate with a, such that the output from the waveplate is linearly polarised. Then we
rotate the linear polariser again, where this time we denote the axis_of maximum intensity as
m. The angle between a and m is exactly the parameter « in figure (65.1.

The data collected from the experiment, namely x and «, can be processed as follows. We
denote the length of the semi-axes of the ellipse described by the E vector of the elliptically
polarised component in the incident radiation as Fy, and Ey,. We then denote the intensity
of the electric field of the unpolarised component of the incident light after passing through a
linear polariser as E. From the previous experiments, we have got the following information
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about the radiation:

E? + Ey2
K = #EZ;?; (ratio of intensities) (65.1)
Eoq
EO = tana. (determination of «) (65.2)
0b

Noting that the unpolarised light is incoherent, which is the reason we write the intensity as
E?+ E¢ instead of (E + E0)2. Rearranging these equations will allow us to express £? in terms
of k, o, and one of Ey and Ey?. After that, we can work out the ratio of intensities of the
unpolarised and elliptically polarised components y by

E? 4+ E? 2E?

_ — 65.3
X7 B2+ B Bl + B’ (65.3)

which is exactly what we are looking for.

Finally there is a note of caution. When we apply a single linear polariser to a incoming
light with no change in the output intensity when we rotate the polariser, we cannot call it a
day by claiming the incident light is unpolarised — it might be circularly polarised. If we then
add a \/4 waveplate before the linear polariser and still find no change in intensity when we
rotate the polariser, then we can claim that the incident light is unpolarised, as any circularly
polarised component will turn into either linearly polarised light or elliptically polarised light
when passed through the waveplate, and therefore should be detectable as a maximum or a
minimum when the linear polariser is rotated.

Summary

1. With a combination of a A/4 waveplate with a linear polariser, we are able to determine
the value of a and @ of an incident elliptically polarised light, which is a complete set of
parameters of describing the light.

2. With the same combination of apparatuses applied to an incident partially polarised light,
we are able to determine the ratio of the intensities of the unpolarised and elliptically
polarised light. Furthermore we are able to determine o and © for the elliptically polarised
component for the incident light.

§66. Jones-Vector Formalism

Jones-Vector Formalism
The next topic that we shall look into may look a bit detached but is very useful, which is the
Jones-vector formalism.They can describe the polarisation states of polarised light, yet unable
to describe partially polarised or unpolarised light. A Jones-vector is simply a part of the
electric field vector, hidden inside equation p8.6,

E E ei(k:z—wt) P
(Ey> - fe <Eoozi(k‘z—wt—5)) Y EO?JQ + EOZQ x Re [e (* g |¢>}’ (66'1)

where the Jones-vector [¢) is

1 Eo,

V) = \/ﬁ X (EOZe‘i5>‘ (66.2)
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Some examples include polarised light with the y and z components equal, for example, linearly
polarised light with polarisation angles 45° have Jones-vectors

+) = % G) and  |-) = % (_11) (66.3)

respectively and left- and right-handed circularly polarised light have Jones-vectors

L) = % C) and |R) — % (_11> (66.4)

respectively. Another example would be linearly polarised light with two electric field compo-
nents unequal, which has Jones-vectors

B 1 Ey,
¥ = Zerre < («8.) 00

which, taking one of the two electric field components to be 0 gives linearly polarised light
along y- and z- directions only as

H) = (é) and V) = ((1)) (66.6)

Note that the three pairs of Jones vectors |H) and |V), |[4+) and |—), and |L) and |R) are
orthogonal, i. e.
(+l=) = 0, (H[V) =0, (LIR) =0, (66.7)

suggesting that either pair would form a basis set of polarisation states of light, and is able
to span all the other polarisation states, including the two other basis sets of polarisation states.

Polarisers in the Jones-Vector Formalism

Polarisers, in the Jones-vector formalism, are operators that projects light into the basis defined
by the polariser. For example, polarisers with its transmission axis horizontal and vertical are
given by

My = |H)(H| = ((1) 8) and I, = [V)(V] = (8 (1)) (66.8)

Previously we have also looked into circular polarisers, which uses a combination of a linear
polariser and a A/4 waveplate to change the state of polarisation circular. Such a construction
may be useful, but if light is directed through this polariser backwards (i. e. directing light
through first through the waveplate then through the linear polariser), the polariser does not
behave in the desired way. A polariser that solves the previous problem, called a homogeneous
circular polariser, are described by the following operators in the Jones-vector formalism,

1, = |L)(R| = %C _11) and Iy = |R)(L| = %(_11 i) (66.9)

for left- and right-circular polarisers.
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Summary

1. A Jones-vector is a part of the electric field vector, defined by

B 1 FEo,
) = NSO X (Eoze—ié) : (66.10)

There are three convenient set of orthogonal basis states of polarised light, which are the
pairs |H) and |V), |+) and |—), and |L) and |R).

2. Polarisers are operators in the Jones-vector formalism.
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